Arithmetic consequences of the GUE conjecture for zeta zeros

Brad Rodgers

ABSTRACT. Conditioned on the Riemann hypothesis, we show that the conjecture that
the zeros of the Riemann zeta function resemble the eigenvalues of a random matrix is
logically equivalent to a statement about the distribution of primes.

This generalizes well known work that the pair correlation conjecture is equivalent to
a statement about the variance of prime counts in short intervals and complements work
of Farmer, Gonek, Lee, and Lester, who have considered similar questions conditioned
on additional hypotheses which are not required here. As a byproduct of this argument,
conditioned on the Riemann hypothesis we derive upper bounds for all moments of the
logarithmic derivative of the Riemann zeta function.

‘We also discuss a conjecture for the covariance in short intervals of counts of almost-
primes, weighted by the higher-order von Mangoldt function, and show the GUE Conjec-
ture implies a weighted version of this conjecture. The covariance is surprisingly simple
to write down.
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ARITHMETIC CONSEQUENCES OF THE GUE CONJECTURE FOR ZETA ZEROS

Notation

()
dz(x)
admissible
UT(x> y)
Ur

Or

fla

There is a constant C' such that |f(z)| < Cg(x). Used interchange-
ably with f(z) = O(g(z)).
There is a constant Cj depending on k so that |fi(z)| < Crgr(z)
6(.’17) — ei27ra:§

= 7 f(x)e(—a€) dx

= T F()elat) de
Ny = {1,2,3,..}
imaginary ordinate of a nontrivial zeta zero, ((1/2 +iv) =0
the set of continuous and compactly supported functions on R™
an n X n determinant
K(z) = siore
von Mangoldt function, logp if n is p¥ the power of a prime, 0
otherwise
() = 3es Al)
the group of N x N unitary matrices u, with Haar probability
measure du
Z(B) = det(1 — e Pu)
dz(x) := e"c/Qd(w(ex) — e’”)
See definition
vr(z,y) == (1 —Tlx — y|)+
See equation (10))
See equation
Aj(n) =3 gy, 1(d) log" (n/d)
(@) = Zn<x Aj(n)
See equatlon
wg(w H) = ¢J(x + H) — ;()
See equatlons ) and (| .
S(t) = = arg((l/Q +it)
Qt) =5 (5 +i%) + 51 (§ —i4) —logr
An improper integral
Bump functions centered at 0 of width 2 and 2R; see equations
.
Point processes induced by zeta zeros, see definitions and
The GUE Conjecture with averaging o, see definition [5.5
The sine-kernel determinantal point process (See Appendix

See definition

Gr(n,t) = eT (- t))

Lr(n.1) = ff;n(l;f(f — 1)) toelele) g
G (n, t) =ff°oon(1°§T(£—t)) dS(€)

See equation
A (t) := logh (|t| + 2) dt

we(x) =1 — ac(z)
Qe(z) = we(x )1R+( x)
Fle(@) := f () ()
fla(@) = fla(@) = flo(2)
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1. Background material

1.1. We assume the Riemann hypothesis (RH) throughout this noteE| Having assumed
RH, we use the now standard notation of labeling the nontrivial zeros of the Riemann zeta
function (with multiplicityEI) by 1/2 + iy, with v always a real number.

Recall that the GUE Conjecture for the high-lying zeros of the zeta function states that the
local (or ‘microscopic’) spacing between the numbers v resembles the local or microscopic
spacing between the bulk eigenvalues of a random Hermitian matrix drawn from the Gaussian
Unitary Ensemble [3]. More precisely,

CONJECTURE 1.1 (GUE). For any fized n and any fized n € C.(R™),
- 1 T( ogT
o8 X — ) dn
Thm / E (y1—1), .. (Yn t)) dt = /n n(x) SSEL (K(sr:Z 17])> d"z (1)

Y155 Yn
dlstlnct

sin ra
T

where the entries of the n X n_ determinant are formed from the function K(x) =
The sum on the left is over all collections of distinctly labeled ordinates 71, ..., v,. Though it
should be noted, the compact support of test functions 7 means that our sums are effectively
restricted to those 4’s that are within O(1/logT) of the variable tﬂ It is natural to dilate
the point v — ¢ by a factor of log T'/27 as we have here, since the 7’s have density roughly
log T'/27 near t € [T,2T].

The GUE Conjecture as stated above can be put somewhat more succinctly in probabilistic
language: that the point processes induced by the stretched out zeta zeros converge in cor-
relation to the determinantal point process with sine-kernel. We will define this terminology
and elaborate on this point in section [f]

The terminology GUE Conjecture stems from the fact that the eigenvalues of a matrix from
the Gaussian Unitary Ensemble will follow this limiting spacing in the bulk (see the surveys
[3l Sec. 1] or [16], Sec. 6] for further details). This terminology is largely historical, since
the GUE Conjecture involves only a comparison of zeta zeros to the limiting sine-kernel
determinant, and a number of other random matrix ensembles have eigenvalues with this
limiting distribution. For us it will be most convenient to compare the zeros of the zeta
function to eigenvalues of large random unitary matrices (the so-called Circular Unitary
Ensemble). See Section [2| for further details on this comparison.

The GUE Conjecture was first put forward in an important paper of Montgomery [45] on the
basis of work he had done for the case n = 2 (see p. 184 of [45] for this discussion). [45] says
only that one may expect the correlation functions of zeta zeros to tend to the sine-kernel
determinants above, leaving it to the reader to determine how correlation functions of zero
zeros ought to be defined. A common interpretation was given by [55]. We briefly discuss
this interpretation of the GUE Conjecture and outline in Appendix [C] why it is equivalent
to the formulation given above.

n particular, while we explicitly preface all our main theorems with the label “On RH,” this should
be understood to apply even to smaller lemmata, although we will not include this explicit label in their
statement.

2Labeling with multiplicity means that in a sum Z,y if the zero corresponding to v is not simple it
appears more than once. (Of course, it is a classical conjecture that all zeros are simple, but we need not
assume so.)

3We also note that the test functions n for which one may conjecture this relation can be extended to
a slightly wider class. See Prop. for a more technical discussion.
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There is by now wide theoretical and numerical evidence in favor of the GUE Conjecture.
We know that it is true for n = 1 (this fact is just the statement that around 7' the zeros
have density lozgﬁT, and dates back in different language to Riemann’s memoir [51]). For
n > 2 we can verify equation if n is restricted to a (stringently) smooth class of test
functions, a set of results initiated by Montgomery’s seminal work [45] in the n = 2 pair
correlation case, followed by work of Hejhal [30] and Rudnick-Sarnak [55] for the n = 3 and
n > 3 cases respectively. Additionally the conjecture has by now a great deal of numerical
support, beginning with the work of Odlyzko [49]. (The conjecture is sometimes known as
the Montgomery-Odlyzko law for this reason. [31] is an account of numerical work.) Finally,
we may mention a large number of analogous results which have been proven unconditionally
in the function field setting, beginning with work of Katz and Sarnak [37], [38].

1.2. It is a matter of longstanding interest to see what can be said about the n-level
correlation sums on the left hand side of for functions not as smooth as those considered
by Montgomery, Hejhal, and Rudnick & Sarnak once additional assumptions have been
made about the distribution of the primes. Even in the original paper of Montgomery, the
n = 2 pair correlation conjecture for a wider class of test functions was supported on the
assumption of a uniform version of a the Hardy-Littlewood conjecture about the likelihood
that two primes are separated by a small distance h. (This argument appears in [46].)

An especially relevant result in this direction is the following:

THEOREM 1.2 (Gallagher & Miiller, and Goldston). (On RH.) The n = 2 pair correlation
conjecture is equivalent to the statement that for fized 8> 1, as T — oo,
™ 2 dar log? T
g
[ (¢e+3) - v -3)
1

S~ (- HE 2)

(SIS

The prime number theorem is a statement that the ‘mean value’ of ¢ (x) is x, so that this is
a weighted estimate for the variance of the number of primes in short intervals (x,z + z/T).
That the pair correlation conjecture implies it is due to Gallagher and Mueller [22], the
reverse implication to Goldston [24].

Unconditionally, for 8 < 1 the left hand side of can be seen using the prime number
theorem to be asymptotic to

ﬂizlogQT
2 T

The somewhat unnatural weight dx/x? was removed in the work of Goldston and Mont-
gomery [27], who showed that (on RH) a slightly stronger variant of the pair correlation
conjecture is equivalent to a somewhat more naturally weighted estimate for the variance of
primes in short intervals:

X
%/1 (T/J(x"‘H)_¢($)—H)2dm~H(logX—logH) (3)

uniformly for 1 < H < X*~¢ (for any fixed € > 0). The survey [25] is a nice introduction to
this and other material.

We mention that the counts (¢(x + H) — ¢(x) — H) for = a random variable uniformly
distributed between 1 and large X are widely expected to be normally distributed with
variance given by (see [47]), though its higher moments are not directly related to the
local statistics of zeros dealt with by Conjecture
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A computation reveals that neither nor are consistent with a heuristic model of
Cramér [11] (see also [28], [69]) for the distribution of primes: that each number m has,
roughly, an independent probability of 1/logm of being prime. In these matters it is the
predictions ([2)) and , rather than the Cramér model, that is widely expected to return the
right answer. The Cramér model accurately predicts the Riemann hypothesis prediction that
the error term in a count of primes in the interval [1, z] is O(z/2*€), but quite apparently to
accurately answer asymptotic questions about the distribution of primes in shorter intervals
[z,2 + H] one must use a model of the primes that takes into account local arithmetic
considerations.

Indeed, for higher correlations, Bogomolny and Keating [I], [2] argued heuristically that
the m-level correlations correspond arithmetically to the likelihood that products of primes
p1 -+ pe (each prime chosen from a specified region) are separated by a small distance from
products of primes pyi1 - -pm (again with each prime drawn from a specified region) and
that this likelihood — and therefore the GUE Conjecture — can be understood as before by
using Hardy-Littlewood conjectures. These predict the probability in terms of a,b, and h
that both p; and py are prime, given that ap; — bps = h, where p; and ps are of order x.
The prediction is not 1/ log® 2, as one might guess from a naive use of the Cramér model.

1.3. It is thus a matter of longstanding interest to generalize the work mentioned above
in for instance Theorem [I.2] from the pair correlation conjecture to higher order correlations,
and this is the purpose of the present paper.

During the time this work was in progress, a paper of Farmer, Gonek, Lee and Lester [18]
addressed a closely related matter. Conditioned in addition to RH on technical hypotheses
about the zeta zeros which they define and label Hypothesis AC and Hypothesis LC, the
authors arrive at a solution in one direction, showing that knowing a Fourier-transformed
evaluation of the n-point correlation sums in (the n-level form factor) is sufficient to
estimate the likelihood that products of primes in the fashion of Bogomolny and Keating are
close to other products of primes.

Additionally motivated by the work of Goldston, Gonek, and Montgomery [26], the authors
show conditioned on RH and Hypotheses AC and LC that knowing the n-level form factor
for all n is sufficient to asymptotically evaluate

;/QTﬁg<§+lcng+it)ﬁg(é—hffg‘}—it)dt (4)

T 4= =1

for positive constants A, ..., A;, By, ..., By. Random matrix theory makes a prediction that
this quantity will be asymptotic to a constant depending on the A,’s and By’s multiplied
by log’t¥ T. Moreover one can proceed in the converse direction: the GUE Conjecture
follows from a conjectured asymptotic evaluation of for all 7, k. That the pair correlation
conjecture follows in this way from just the j = k = 1 case appears in [26], while the more
general case follows from [9]

Finally, Farmer, Gonek, Lee, and Lester show that by assuming Hypothesis AC and LC in
addition to RH one can bound for any fixed A > 0,

7,
By Holder this implies is bounded by O(log’ ™ T). On RH, the authors note, this is a
correct lower bound.

¢ *
g(% + oo +z‘t)‘ dt < logh T. (5)
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The estimate was also considered by Farmer and Ki [19], who also produce a bound,
conditioned on RH and additional assumptions regarding the distribution of zeros.

1.4. The purpose of this paper is to demonstrate (on RH) that the GUE Conjecture
as stated in Conjecture not only implies but is in fact equivalent to a statement about
the distribution of primes; this is the content of Theorem as well as Theorem
Furthermore in Theorem [2.2] we show that the GUE Conjecture is equivalent to an asymptotic
evaluation of . We do not require the Hypothesis AC or LC for this.

We make use of a somewhat different Tauberian technique than has been used in the past
in the study of these problems. In addition this paper introduces the language of point
processes to study the problems listed here, which may be of independent interest.

Our techniques additionally yield on the assumption of RH but no other hypothesis.

The work makes it possible to restate for instance the & = 3,4 triple and quadruple cor-
relation conjectures for the zeta zeros in terms of the distribution of prime numbers. Un-
fortunately the resulting statements about the primes are complicated algebraically. We
note however that a consequence of the GUE Conjecture is an estimate for the covariance of
almost-primes in short intervals which is pleasant to state, where almost primes are weighted
by the higher von Mangoldt functions famously used by Selberg and Erdés in proofs of the
prime number theorem [57],[14].

2. A statement of main results

2.1. We obtain in the first place,
THEOREM 2.1. (On RH.) For fized k > 1 and constant A with RA > 0,

1 2T k
v,

dt Sak logk T.

Remark: As noted in [18] one can obtain this for A > 4 by using Lemma 3 of Selberg’s paper
[66]. In fact, using instead Lemma 2 of Selberg’s paper together with an upper bound due
to Fujii (see Theorem , one can obtain exactly this theorem, for A arbitrarily close to 0
as above. We give a proof of Theorem [2.1] independent of Selberg’s identity, since this will
at any rate fit naturally into our framework, though we outline what the approach through
Selberg’s identity would look like. In some sense any possible proof must hinge upon the
same ideas.

(1, a
Z(ﬁ + log T +Zt)

With sufficient effort one can trace through the implied constant in Theorem [2.I]in terms of
A and k, obtaining a constant for positive real A of order

AfkeO(k log k)

One should not expect this to be an optimal constant, or even necessarily the limit to which
analysis on RH can be applied, though we do not pursue the matter further.

Indeed, for fixed A > 0 and positive integer A, by assuming the GUE Conjecture one can

show
1 2T 21
v,

dt ~ C(A,2)) log®* T (6)

(1, a
Z(5+m+lt>
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where
2\

du

)

1 7' A
A,2)) = i (%)
U(N) is the group of N x N unitary matrices v with Haar probability measure du, and
Z(B) := det(1 — e~ Pu).

Note that if wi, ...,w, are the eigenvalues of the unitary matrix wu,

ZI

- - —pr

0= Y i = e G
That the limit X (A, 2)\) exists can be seen from the proof of Theorem to follow. By
computation with correlation functions, not reproduced here, one can see that for fixed A,
C(A,2)) is of order A=2**! which for small A is slightly better than what can be obtained
without refining our methods. (Though note for A = 1 this order of bound is achieved in
126].)

2.2. Tt is by only slightly extending @ that one can obtain a statement equivalent to
the GUE Conjecture.

THEOREM 2.2. (On RH.) The GUE Conjecture is equivalent to the statement that for all
fized 5,k > 1 and all collections of fized constants A1, ..., A;, Bi, ..., By, each with positive real
part, the limit

g e (5 [ T (bt + ) TS (b i) )

=1

exists and is equal to

N_>C>O NjJrk </u(N H AZ) le(?\?)du). (9)

Moreover, for each n > 1, the claim that identity . ) holds for all k < n (that is, the zeros
k-level correlation functions tend to that of the sine-kernel determinantal point process), is
equivalent to the claim that these limits are equal for all j +k < n.

It has long been understood in a heuristic sense that the characteristic polynomial Z is
statistically an analogue of the zeta-function. (See [41] for the first spectacular application
of this philosophy). Theorem may be thought of as saying that at the microscopic
scale described by the GUE Conjecture this correspondence should be understood quite
literally. Theorem may be compared with results in [26] and more recently [6] drawing
an equivalence to the pair correlation conjecture. Note also work of the author [53] regarding
ratios of the zeta function.

2.3. A theorem in the same spirit restates the GUE Conjecture in purely arithmetical
terms.

To state the theorem more succinctly we require the notation
dz(x) == e~ /2 d(y(e*) —e*),

a measure which (because of its discrete part and growth as |z| — co0) we will only integrate
against functions ¢(z) that belong to a restricted class we call admissible:
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DEFINITION 2.3. A function ¢: R — R is admissible if it is in C*(R), equal to 0 for suffi-
ciently large x as x — oo, and bounded by e**! for a < 1/2 as x — —oc.

If ¢ is admissible,

/ ¢(x)dz(x) = Z A\/» ¢(logn) — /000 %qﬁ(logt) dt,

which is a count of primes minus a regular approximation to that count.

Remark: By making use of improper integrals, in section [ we will slightly extend the range
of functions against which dz may be integrated, but any instance in which this extended
definition is used will be made clear.

To reduce the length of formulas, we set
vr(e,y) = (1- Tle — ),

which plays the role of telling us when x and y are separated by a distance of O(1/T).

Finally for bounded functions f € C?(R7) and g € C?(R*) such that f - lRi and g - Lgy are
compactly supported we define the arithmetical quantity

Ur(fi9) = V5" (f9) (10)
1 x Yy k J

. IOgj-i-kT RJ ]ka<logT)g(logT)UT(xl+"'+xj’y1+“.+yk)d'z (y)dz (SL’)

In the definition for U we will see later that the values f and g outside the quadrants

R’ and Ri play no role asymptotically. Nonetheless, in there is a certain algebraic sig-
nificance to retaining integrals over all R? x R¥ rather than restricting to only this quadrant.

We likewise define the random matrix quantity

On(f;g) = @%k(f;g) (11)
k
“ e X S () [ T R )
T‘EN] sENK (N) p=1 =1

As before, it is not immediately obvious that O n(f;¢) has a limiting value as N — oo but
we demonstrate this later.

THEOREM 2.4. (On RH.) The GUE Conjecture is equivalent to the statement that for all
fized 3, k > 1, and all collections of fized collections of admissible functions fi, ..., fj, 91, ..., Gk,
we have for f=f1®--- @ fjandg=g1® - Q@ gk

Jim Ur(f:g)= lim On(f;g)- (12)

Moreover, for each n > 1, the claim that identity holds for all k < n (that is, the zeros
k-level correlation functions tend to that of the sine-kernel determinantal point process), is
equivalent to the claim that holds for all j + k < mn.

Remark: f1®---® f; is just the function (z1,...,x;) = fi(x1)--- f;(x;). Though it is only a
technical point, in our proof it is important that the functions in are separable. To have
a simple proof which extends to non-separable functions would be desirable. Morally, the
reason that separable functions by themselves are sufficient to recover the GUE Conjecture is
that is a linear relation, and linear combinations of such functions are sufficiently dense
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to approximate an arbitrary function. The same holds true for test functions exp(—A;z; —
— A;x; — Byy1 — -+ — Bpyi) in Theorem [2.2
VR

2.4. It is worthwhile to see that Theorem generalizes Theorem in particular
that it implies identity . We do so heuristically for the moment, with a more rigorous
development to follow later.

We know that the n = 1, 1-level density, case of the GUE Conjecture is true. It therefore
follows from Theorem that the pair correlation conjecture is equivalent to the claim that
for all f,g € C2(R),

lim
T—o00 log T

[ [ #(wr )attrerten dxto) dsto) (13)

is equal to

b S ARG [ e
> r=1s=1 U(N)

We specialize to the case in which f = g with both functions an arbitrarily close approxi-
mation to the characteristic function 1 gy. In this way, choosing better and better approx-
imations, one can see that the pair correlation conjecture implies that for all 8 > 0,

Mﬂg@jﬂ / / 105 (527 ) Lo (ier ) o (2, ) d2(2) da(y) (15)
is equal to
lim 1%%1[05)(T)1[0B)(S)/ Tr o Tr s du. (16)
Nosoo N2 2t £ T OONN JTOONN ) ]

In fact, with a little more work — using the fact that vp(z,y) constrains  ~ y in and
(15) — one can see that for all 8 > 0 is sufficient to recover for general f and g; but
we leave details of this argument to the reader.

To see that provides the same information as note that

vp(x,y) = T/l[gc—l/T,m] ()L fy—1/7,y) () dt

so that
z Y
/R/le (57 ) 1o (i ) o (@,9) da(e) da(y)
BlogT ,BlogT
N T/ / / Lo 1/7) ()= 17 (1) dz(2)dz(y) dt
R JO 0

NT/OﬂlogT (/tH_l/TdZ({E))</tt+l/sz(y)> »
NT/ﬁlogTe—t(/ttH/T d((c”) —e”)>2dt

T8
- l/T T 2dj
7 [ (e =) - @ 1)) G

NT/lTB —w(r)—%)zdl.

T2
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Our purpose at the moment is only to reassure the reader that the quantities we are working
with are meaningful, so we have not made the effort to rigorously justify our passage from
expression to expression. Rigorous justification is provided in a more general context in sec-
tion (None of the steps involve anything more involved than a straightforward bounding
of error terms.)

On the other hand, to evaluate we make use of the well known identity (see for instance
[13]) that for r > 1,

Tru” Trus du = 0,57 A N. (17)
U(N)
(Here, recall the notation » A N to denote the minimum of r and N.) Hence is given by
lim Z rAN=(§-1/2

N—o00 N2
r<NB

for 3 > 1. For 8 < 1 this limit is 32/2.

The equality of and then, for § > 1 (the range of 8 for which we cannot simply
evaluate unconditionally from the prime number theorem), is exactly equation .

2.5. It is possible in this way to draw out arithmetical equivalences for the k = 3,4
three and four point correlation conjectures for zeta zeros. The resulting arithmetical state-
ments do not, however, have the simplicity of Theorem We record them in Theorems

T3 and T3

2.6. At the same time, it is possible using Theorems [2.4 and [2.2] to generalize Theorem
in a way that is algebraically simple — though the compromise we suffer is that the result
we shall now state is not equivalent to the GUE Conjecture, but is only a consequence of it.

We will require the higher-order von Mangoldt functions Aj, defined in the usual manner by

Aj(n) := p* (log?) Zu )log" (n/d) (18)

or equivalently inductively by
Aj(n) =A% A;_1(n) +log(n)A;_1(n), (19)

where A; = A, the usual von Mangoldt function, and we have used x to denote multiplicative
convolution on the integers. This inductive definition makes clear that A; is supported on
integers with no more than j distinct prime factors. We likewise define

7)i= 3" A, (20)

The properties of 1; are discussed in greater length in Appendix @ Unconditionally, from
residue calculus and well-known zero-free regions for the zeta function, we know that

/() = Res(— j((j)(s)x: o(x
03(0) = Res(- )70 2 ofa)
=azPj_i(logx) + o(x), (21)

where P;_1(z), defined by this expression, is a j — 1 degree polynomial with
Pj_1(logz) = jlog’ 'z + o(log’ " x).



12 BRAD RODGERS

The error term between ; and its regular approximation,

V;(x) == j(x) — xP;_1(log x), (22)
on Riemann hypothesis has the better bound, Oj(xl/ 2+€) . and finally we define

bj(as H) = (e + H) — (),
which is a count of almost primes in an interval of length H, minus its regular approximation.
Its regular approximation should be thought of as its ‘expected value.’

We can arrive at counts of almost primes with the above von Mangoldt weights by repeatedly
convolving the measures dz with one another, and in this way we will obtain

THEOREM 2.5. (On RH.) On the assumption of the GUE Conjecture, for fized 5 > 0 and
integers j,k > 1, let X =T? and § = 1/T. Then

X j+k B
~ ~ dx o log? TR T .
/1 Vi(x; 0z )Py (, 5$)ﬁ ~ jf%gT/o y”k LA 1dy. (23)

It is perhaps more instructive to write the right hand side of as

jj% /1Tl3 (%) (log(:r) —log (£ Vv 1))j+k_1 d—f

€T

Recalling that dz = 2/T and X = T? above, it is reasonable therefore to make a conjecture
in which the weight dz/z? has been replaced by the more natural weight dx.

CONJECTURE 2.6. Fiz any € > 0 and integers j,k > 1. Then as X — oo, uniformly for
1< H< X!~

1 [*- . _
e / by (w; H) iy (w; H) d ~ 55 H (log X —log H)7*+1. (24)
1

By a summability argument, this agrees with .
Note that for j =k =1 agrees with estimate (3)).

An elementary combinatorial computation applied to the prime number theorem will reveal
that ]
jk

—IT ogithl x 25
Jrk—1® ’ (25)

+ 3 Ay Ae(m) ~

n<X
and from this one may see that is true unconditionally for 8 < 1, or alternatively that

1 (X . _ .
Y/l by (w; H)by (5 H) do ~ 5257 H log/ ™* 1 X,
for H < 1.

It is worth noting that in the function field setting in the limit of a large field size, an
analogue of Conjecture was proved by the author [54]. That proof was motivated by
this conjecture and used equidistribution results of Katz [39] and a technique of Keating &
Rudnick [40].

It would be interesting to better understand the arithmetical reasons that the diagonal
contribution so strongly determines the form of equations and . Analogous
results for the counts A --- % A, for instance, in place of A; and Ay can be derived from the
GUE Conjecture, but do not have nearly so simple a form as j and k grow.
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2.7. One can consider a more general class of von Mangoldt -type weights for almost
primes than A; and obtain an arithmetic statement involving covariance of almost primes
which is equivalent to the GUE Conjecture. This is done in Theorem However what is
obtained is not as simple as Conjecture [2.6)
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4. Explicit formulae

In this section we introduce the explicit formulae relating the zeros to primes and the primes
to the zeta function in the critical strip. In the forms we state these formulae, they are true
only on RH. Unconditional formulations exist however.

The first of these is due in various stages to Riemann [51], Guinand [23], and Weil [63]. To
state it in a notation that will be convenient for us, we need the classical notation

S(t) := %arg((% +it)

with argument defined by a continuous rectangular path from 2 to 2+ it to 1/2 +it, starting
with arg((2) = 0. For us, the importance of the function S(¢) is that on the Riemann

hypothesis,
dS(t) = (Z 5, (t) — %) dt,

where
Q) =57 (G+i3) + 37 (3 —i3) —logm
By Stirling’s formula

Q(t)  log (([t]+2)/2) of 1
2 2 (|t| +2>’

and Q(t)/27 is a regular approximation to the atomic mass at the 4’s. S(¢) may therefore

be thought of as an error term of a regular approximation to the zero counting function.

THEOREM 4.1 (The explicit formula). (On RH.) For g a function in C?(R),

[ a(s)as©@ =~ [ (o) + o) dsta).

— 00

For more general functions g so long as g has appropriate continuity and decay conditions,
such a formula remains true, provided in some cases we interpret the left hand integral as a
principal value. (See for instance, [48], Theorem 12.13, or for a statement more along the lines
above [52], Theorem 8.) For g delimited as above, it follows from standard Fourier analysis
that g decays quadratically or faster, so that the left hand integral converges absolutely
(since the contribution of both the atomic mass of zeta zeros and the mass Q(t)/27 dt on an
interval [¢,& + 1] is at most O(log(|¢] + 2))).
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A related identity we will make use of relates the measure dz to the values of the zeta function
in the critical strip. As with Theorem it is true only on the Riemann hypothesis.

THEOREM 4.2. (On RH.) For Rs € (0,1/2),

_¢
¢

— 00

(1/2+s) = / e " dz(x). (26)

——00

We have used the notation f:fooo to denote an improper integral. FEarlier to avoid any
possible confusion we restricted the range of functions against which the measure dz can be
integrated, and for this reason our improper integral must be defined in the following way:

We define the cutoff-function ag by

ax) :=exp (1 - ﬁ)l[,m] (x), (27)
agr(z) == a(z/R). (28)

For us the important features of aug are that it is supported in [—R, R], has continuous
second derivative, and «(0) = 1.

We thus define for a function f € C*(R)

/ b f(z)dz(z) = lim h agr(z)f(x)dz(z)

00 R—oo J_

when the limit exists.

Note that we require the Riemann hypothesis to ensure that the integral in converges;
having assumed RH, that it does so follows from partial integration.

PRrROOF OF THEOREM [£2l Note that for s > 1, (by dominated convergence for instance),

F(S) — lim OoaR(w)e—sxd(d}(ex) _ e:c) — _g(g) — sil.

R—o0 Jq C
But for any € > 0, it is easy to see by partial integration that the limit defining F'(s) converges
uniformly for Rs > 1/2+¢. Hence by analytic continuation remains valid for Rs > 1/2.

Yet for Rs < 1,
e 1
)T e —
/—ooe v s—1’

(29)

and so for ®s € (1/2,1),

. > —sz T LT > —sz T\ _ T (1—s)x
i [ ontaremewaue) =) = Jim [ an(alem (v =)+ [t
CI
= _Z(S)
by substituting . This is with s 4+ 1/2 replaced by s. O

5. Notation: point processes and linear statistics

5.1. We recast the GUE Conjecture in the language of point processes, with a short
introduction to point processes given in Appendix [B] A more general introduction may be
found in [58] or [32]. Those uncomfortable with the notion of a point process may be
reassured that for us the processes defined below will just be an abbreviation allowing us to
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write formulas more succinctly and bring to mind the positivity of certain quantities. Even
an intuitive understanding would suffice to translate these formulas into a more familiar
form.

5.2.

DEFINITION 5.1. Let T be a large real number, t a random variable uniformly distributed on
[T,2T). We define Zr to be the point process with point configurations

{0 -0},

where v runs over all the ordinates of non-trivial zeros of the zeta function.

Thus if we label the point configurations of Zp by {;}, the formalism expressed by this
definition allows to write

2T
E Z fjl,--,fgk _ / Z logT PY *t) ..logT(’)/ 7t)) dt

1, k Y157k
ﬁhstmct distinct

for n € Co(R¥).

5.3.

DEFINITION 5.2. S is the determinantal point process with sine-kernel.

As discussed in Appendix[B] the process S is characterized by its correlation functions, which
have the value,
k
E Y oo i) = [ @) get (K(wi—a,)) .
Jl,

dlstlnct

DEFINITION 5.3. Suppose for each T > 0, X is a point process with configurations {&;(T)},
and suppose X is a point process with configurations {x;}. We say that the processes X
tend in correlation to the process X if for all k > 1 and all n € C.(R¥),

E Z 5]1 )s 7£ch _>E Z le""’xjk)'

T g1, 0k Jl s dk
dlstmct dlstlnct

Thus under this definition, the GUE Conjecture is just the statement that the processes Zp
tend in correlation as T" — oo to the process S.

Remark: There is another (more canonical) notion of convergence of point processes, that of
convergence in distribution. (See [35] Ch. 16] for a general account.) It is the case that Zp
tending to S in correlation (the GUE Conjecture as stated above) is equivalent to Zr tending
to § in distribution, though this does depend on some special properties of the processes Zp.
The notion of convergence in distribution and this equivalence is treated in more detail in
the recent paper [12]. That paper also shows that the GUE Conjecture may be formulated
as in terms of the distribution of spacings between zeros, rather than in terms of correlation
functions. We will not require this fact or any discussion of convergence in distribution for
point processes in what follows however, and refer the reader to [12] for further details.
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5.4. If the reader is unhappy with the concept of point processes he or she will lose
none of the logical structure of the argument simply by substituting A T f --dt and a sum
over %(7 — t) anytime he or she sees Ez, and a sum over ;, and likewise substituting
determinantal integrals for the expected value of correlation sums over S.

We quickly demonstrate the notational advantage of this device however: with it we can

write
E H Z 77€ xz
Z 1 1

instead of
E D m&)m(&n)ns (&) + E D m(&)m(&)ns (&) + E D mG)ma(&n)ns (&)

11,12,13 21,%2 11,02

distinct distinct distinct
+E Z 771 gh 772(57/2)773 glz +EZ771 €l1 772 511)773(511)

11 22
distinct

= [ mam(emas) det (K —a) do+ [ mlemmnte) dot (K- o
+ /}R2 m(x1)n2(x2)n3 (@) gxeg (K(l"z - CCJ)) Pz + /]RZ n(z1)n2(x2)ns(w2) QSS (K(!Ez - CCg)) d*x

+An1(m1)nz(x1)n3(x1)dx1-

The reader should check these expressions are the same.

5.5. In what follows, we will be using Fourier analysis in connection with the explicit
formula, and for this reason it will be useful to replace the averages

/2T df— / 12](t/T) L dt

[2D

for ¢ a more general function. We define

with

DEFINITION 5.4. The point process Zr(o) for o a measurable function on R of mass 1 is
defined by the point configurations

(v =0},

parameterized by a real valued random variable t with density o(t/T)/T

Note that under this definition, Z7 = Z7 (1 g)).

DEFINITION 5.5. For o a measurable function on R of mass 1, we give the label GUE(c) to
the proposition that the processes Zr (o) tend in correlation as T — oo to the process S.

That is, in the language of correlation functions, GUE(c) is the statement that for any

n € C.(R¥),
E Z 77(§j1a ""é-jk) = /]Rk 7)(90) - det (K(:L'z - -Tj)) dkl’ + 0(1)

Z2(9) iy ok
distinct
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as ' — oo.

In fact, there is nothing especially canonical about our use of C.(R¥) test functions. Any
class of test functions which are sufficiently dense and decay rapidly enough will do. We
arrive at a more formal statement of this fact in section [0} where its proof will follow more
easily.

5.6. The eigenvalues of the unitary group, stretched out so as to have mean unit
density, also converge to the process §. This can be seen from the integration formula
of Weyl, which when combined with a lemma of Gaudin gives an exact evaluation for the
k-point correlation functions of the eigenvalues:

THEOREM 5.6 (The Weyl-Dyson-Gaudin integration formula). Let {e(61),...,e(0n)} be the
etgenvalues of a random N X N unitary matriz u, distributed according to Haar measure du,
with 8; chosen to be in [—1/2,1/2) for all j, and define
_ sinmx
~ Nsin(rz/N)’
Then for any k < N and measurable n: [-N/2, N/2)¥ — C,

/ Z n(NHjl,...,Nij)du:/ n(xy, ..., vx) det (KN(xi —a:j)> d*z.

U(N) i kxk

TR [-N/2,N/2)k
distinct

KN(.’)S) :

Note that Kn(z) — K(z) uniformly.

We can form a point process even closer to S by pulling back the quantities {N6;}, so that
they are repeated with period N:

DEFINITION 5.7. The point process Sy is defined by the point configurations

UAN@: +v), ... N0y +v)}

VEZ

where 01, ...,0n € [—1/2,1/2) are, as in the Weyl integration formula, such that {e(61), ...,e(0n)}
are the eigenvalues of a random unitary matriz distributed according to Haar measure.

If we label the point configurations of Sy by {z;}, the the Weyl integration formula gives
that for n: R¥ — R is integrable,

E} Z Xy ey Ty, ) = /]Rk n(z) - gxeg (KN(JJi — a:])) dFz.

N J1,--Jk
distinct

In particular,

PROPOSITION 5.8. Sy, — S in correlation.

Note that by Poisson summation for functions n which are, for instance, in C?(R),

S n(No+Nv) =Y %ﬁ(%)e(r&)

VEZ rEZ
for all 0, so that for 7, ..., 7 of this sort,

E ﬁ Zﬂz(xi) = % Z 771(%) Tk (%’“) /M(N)f[Tr(u”) du. (30)

N{=1 1 rezk
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Note that 7, for each ¢ will in this case decay quadratically, and for fixed N, Tr(u") remains
bounded, so there is no difficulty in swapping the order of summation and integration.

It is therefore by passing through the processes S} that we will arrive at sums like .

Because the mapping u — u~! preserves Haar measure,

PROPOSITION 5.9. For r € ZF,

k k
/u(N)ETr(u )du:/u HTr(u ) du.

(N) p—1

In particular, as the left hand side is the complex conjugate of the right hand side, the
expressions above are real valued.

5.7. Finally we introduce notation for linear statistics as they depend on the variable
t. The mixed moments of these quantities carry the same information as the correlation
sums of the GUE Conjecture.

We define (for functions 1 that decay quadratically)
Gr(n,t) =Y 0" (- 1). (31)
B!

An approximation to this count is given by substituting an integral against log(|¢| + 2)/27
for the sum over zeros:

Lrint) = [ n(E - 1)) PEEL D g (32)

Note that, for n that decay quadratically,

© 1
Lr(n,t) = bg&#/ n(a) da‘f'On(m)-

Finally, we define -
Grint)i= [ n(“E7( 1) dse). ()

From Stirling’s formula, for 7 that decay quadratically,

Gr(n,t) = Gr(n,t) = Lr(n,t) + On(@)

o > 1
—Gr(n.t) = 5052 [ gla)da+ 0, (1), (34)

so that G (1, t) should be thought of as the linear statistic G (1, t) minus its expected value.

Since we know unconditionally that the number of v in any interval [k, k + 1) is at most
log(|k| + 2), we have

< 1 92 ’ logT (o
Grln ) £ 3 los(kl +2), . n(“gL @ —1))

; (35)

with the same upper bound obviously holding for Lr(n,t), and therefore Gr (n,t). A partic-
ular consequence of that we will make use of later is that if

n(§) $1/(1+€%),

then
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and likewise for Ly (n,t) and Gy (n, t).

The arithmetic significance of éT(n, t) comes from the explicit formula:

PROPOSITION 5.10. For g € C?(R),

Gr(g,t) = 1();11“ /°° (g(logT>€m +g(k:;T)67m> dz(x). (36)

— 00

It is worthwhile to see one example of the relation between the two notations introduced in
this section. We have, for instance,

E (Zn(ﬁj))k=AWGT(n7t)kdt.

ZT(O')
6. A plan of the proof

6.1. We are now in a position to outline our proofs. A tool we will find absolutely
essential is an upper bound on the moments of point counts in the process Zr first proved
by Fujii [20] and which may be approximately stated in the following way, that for fixed k,
as long as t has been averaged over a long enough interval (with length of order T), the k*"
moment of the count

#(EL(y—t) € [4, A+ )
remains bounded, uniformly of the choice of A. In the language of point processes, this is
to say the moments of counts of points inside coarse enough intervals can be bounded from
above to the correct order.

This cannot be literally true as it has been stated, because for large enough A the density of
~ around t 4+ 2w A/ log T will be larger than log T/27. A precise statement is that uniformly
in a and for any € > 0,

l[a a+e] (t/T) k / l[a a+e] (t/T) k
— G t)| dt < —————— |\ Lp(Myn,t)| dt
/R T |Gr(n,t)|" dt Sk A T | L (Mgn,t)|

for all T' > Ty, where Tj is a function only of €. Here we have used the notation My, which
denotes an upper bound on 7 made from characteristic functions of size k:

Min(€) ==Y 1,0 sup bl (37)

v=—00 k¥
Here for typographical reasons we denote the interval [kv — k/2, kv + k/2) by I.(v). Recall
that Lr(-,¢) amounts to replacing the sum over v in Gr(-,t) with a logarithmic mass that
approximates this sum.

We also prove another upper bound which is considerably more subtle. This is that for a
function g supported in an interval [—X, X] C [-1/k,1/k] and bounded in modulus by a
constant A,
/W\CNJT(gtﬂkdt <p AFXF (38)
R el
for T' > T}, with T a function of only € and X.

This result should be surprising at first glance for the following reason: if g(z) € C%(R)
closely approximates the indicator function

1_s,6)(x)
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then §(&) will closely approximate the function
1 sin(r§/d)
5 we)s

In particular as g approachs 1;_s 5) (say uniformly), the LY(R) norm of § will grow arbitrarily
large. Yet the naive approach to bounding the left hand side of ( ., namely

/]R aa+6] (t/T) ’Z logT )>_/_Zg(1°2gf(y—t))2fd§’ dt

Loard /T) (S| (1ox7 | (1osT ) . \"
< P i N el 08l (A A

N/R - ;g( 2L (y t))‘Jr/_oo’g( 2L (v t))’27T d¢) dt
will be arbitrarily large as

g(%@-t))’ and /jo

o0

35 (- )| D) g

2 27

will both be large for every t. Perhaps even more surprising, our claim is that the left hand
side of becomes smaller as § becomes smallerﬂ This can only be seen by exploiting the
cancellation that arises by subtracting from

> i)

its regular approximation

| a(Ee-0) 2 ae

— 00

The situation is analogous to estimating
/ fyde =3 f(k
kez kez

A naive bound on this quantity is 2||f||L,, but in fact for functions that do not oscillate
much the sum over Z is close to the integral over R. By Poisson summation if f is supported
n (—1,1), this quantity is exactly 0

It is these two upper bounds that take the place in our proof of the Hypothesis AC and L.C
in [I8]. They are proven in section [7| using the explicit formula.

Analogous upper bounds may be proven for the average distribution of eigenvalues of the
unitary group under Haar measure. This is the content of section

6.2. In section [§] we make use of the first of these upper bounds for the zeros of the
zeta function to show that, for averages weighted by o7 and o9, the statements GUE(oq) and
GUE(03) are equivalent. This is a Tauberian theorem. We expand upon the ideas involved
in its proof in section [0

4Suppose for instance that we should exploit some additional cancellation in the oscillating § by looking

‘Z logT 7t and ‘/ logT ) Q(E df‘

instead. Even this refinement in insufficient to obtain a bound that decreases with §.

at
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6.3. With this equivalence between weights we can give a first heuristic approximation
to what lies behind our proof. By adding in lower correlations, GUE(c) may be seen to be
equivalent to the claim that

H <Zw &) /O; ne(cv) da> = Eslﬁ (zj:m(xj) - /oo ne(c) da) +0(1) (39)

Zr (o) g=1

for every n > 1 and every 7, ..., and 7, belonging to a class of functions sufficiently dense
in C.(R) and with suitable continuity and decay conditions. But the left hand side of
asymptotically is just

/RU(tT/T)HéT(W

- /R U(tj/“T) H <log1T/ Uz(m&)em +77£(10_g””T>67m dz(x)) dt
T 2 () (B ) (G ) de() - de(o),

(40)

with the last two equalities following simply from computation through the explicit formula
and interchanging the order of integration. If we now select o so that 6(y) = (1 — 27|z|)+,
the reader may check is just a polarization of the quantities U1 defined in .

On the other hand, the right hand side of can be evaluated as the limiting case of
random matix statistics which end up being a polarized form of . Since by taking linear
combinations of the identity in Theorem one can recover the polarized from above,
it is comparatively easy in this way to see tha implies the GUE Conjecture.

To show that the GUE Conjecture implies requires more work. To first approximation,
the argument is nothing more than setting 71 ® - - -®n,, in so that 1 ®- - - 1, is restricted
to a given quadrant Rﬂ_ x RF of R™, and such that in these quadrants each 7, has a sharp
cutoff at the origin, say 7e(z) = 1g., fe(cez) for functions f; admissible in the sense of
Definition [2.3] In this way,

1 €T ~ €EnTn \ Al T m
DO B () I () LIEICEE e e

ee{-1,1}»
- n // fl(lole)"'fj(loa:jT)fj+1(1ach+%>"'fj+k(fg+;)
log T Juy Joy 5 g g g
X@'(%(Z‘l—i—"'—kl‘j—l‘j_‘_l—'~'—l‘j+k)dn2($)+0(1)
=z o LG () o (i) - o (56)
xc}(%(x1+~-~—|—zj—zj+1—--~—:1:j+k)d"z(x)+o(1).

The last line will follow by showing that the ‘tails’
f(logT) dz(z) = f(logT)ex/gd:E, for z <0

do not substantially contribute to these quantities asymptotically. We have thus recovered
the terms U
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This approach must be amended very substantially however, owing to the fact that for
Fourier transforms 7 with a sharp cutoff at the origin, the original distribution n will in
general not be integrable, and so the sums in are not well defined.

We overcome the issue by choosing smooth functions fy|e, (depending upon T) that so
closely approximate functions of sharp cutoff f; - 1z, that we still have

1 z Tj Tj+1 Titk
e N RICORVICRIRCO RS

X6(E(x1 4+ +aj—xjpr — - —xjyn) d2(z)
1 z T T Tj
=7 o [ Aler (27) -+ Bler (7)) Frvaler (3858) - sl (35)
X 5’(%(331 +-+T; X - — l‘j+k) an(l’) + 0(1).

It will indeed be the case that for this to be true, the closeness of our approximation of fy|..
to f¢ - 1g, must increase with 7T'. All the same, for any § > 0, we show that there is a fixed
approximation f|. so that

1 R n
o | k@) £l (o) o B+ = 2) '3(2) (41)

1 . N
— 5 | k() ulen ()6 (e o1+ - — ) ()| < 6
Because the functions fy|. closely approximate f; - 1g_,

g [ ) ()l B ot )

will be close to its polarization

1 s mn
Z o T /Rn fl‘e(lsolgm%) ..-fn|€(%)a(%(61$1 Fo = epy)) d().

ee{-1,1}"

This last quantity, because the functions fy|. are fixed and smooth, can be evaluated on the
GUE Conjecture by identity . It is a straightforward matter finally to show that the
resulting answer agrees with that of Theorem

Although is intuitive enough, we have not really fully justified it. Its proof in section is
technical and is accomplished only via the upper bound and what is sometimes referred
to as a tensorization trick. (This tensorization trick is the reason we work with separable
functions.) Note that it is natural to apply here, as the functions (fe|c — feler) are
supported in a small region around the origin.

It is through this same method, using of Theorem (4.2 and the fact that linear combi-
nations of function exp(—Ajz; —--- — Apx,) are sufficiently dense in C.(R"}), that we arive
at Theorem 2.2

6.4. Theorem [2.1]is an application of the same method of decomposing test functions
into parts with different Fourier support. Letting f(z) = exp(—Ax), Theorem gives that

1 CI 1 A . _ 1 e T ixt
iyt )= gt | ()
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We decompose this into

1/k T it T zzt
O(logT logT/fI logT> dz(x logT/f‘l/k logT dz(z),

where f |€T is a function supported in the the interval [0,1/k] and f |1 7y is chosen so that

FILF + FITR

is a smooth compactly supported function (on an interval [0, Rr| say) that closely approxi-
mates

folg,.

Note that for fixed k, one should be able to (and indeed can) choose such functions f \1 T
a way that their second derivatives do not increase with 7.

K Si | [iogr 0 (sir) e s

7/ 1OgT/f|1/k 10§T de(a:)
f/ ‘G ((FILF) ,t)‘ dt + = / ‘GT (e )’kdt.

The first of these terms can be bounded by @ For the second, note that f1 /i does not
have increasing first or second derivative, even as T increases (because the cutoff from the
origin to 1/k does not change with T'). Therefore ( fﬁfc)Awill decay quickly enough, for all
T, that an appropriate bound can be gained from the Fujii upper bound.

‘We have that

L

logT C

k
dt

A
+ log T + Zt

k
dt

6.5. The final part of this paper concerns evaluating the covariance of almost primes.
We weight the almost primes in such a way as to produce an algebraically nice answer. The
algebraic part involves certain random matrix statistics discussed later. On the other hand,
we can quickly outline how it is that one arrives at counts of almost primes from Theorems
and by convolving the measure dz with itself, so that for instance,

dzxdz(x) + v dz(z) = e_I/Qd(wg(x) — zPi(z))

where 19 and P, are defined by and . In perhaps more familiar language, this is
just that for Rs > 1,

OEDIE- L}

To convolve the measure dz with itself, we must replace the test functions fi ® --- ® f, in
Theoremwith test functions f(x1, ..., z,) that are constant on level sets of x1 + 29+ -+
Ty, for instance. The fastest route to such a replacement is by appealing to Theorem
but because the test functions exp(—Az) are not compactly supported, this route entaills a
few technical challenges. These are discussed in more detail in section

n

7. Upper bounds for counts of zeros

In this section we reference several lemmas from the paper [52].
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7.1. The following computational lemma will be useful for us

LEMMA 7.1. Suppose we are given non-negative integrable o of mass 1 such that & has
compact support, and suppose gi,...,gr are in C2(R) and satisfy supp g¢ C [—0¢, 6] with
014+ 0 = A < 2. Then there exists a Ty depending only on A and the region in which
& is supported so that for T > Ty,

o(t/T) 11 = -1\ EAME) e onms
/RiT Ll_[lGT(ge,t)dt—<logT) Z Hﬁge(%) (42)

1pc2. .nk—1¢=1
NNy n,~=1

k
1 1gelloo
Oy
+ k<T1—A/2Z_1_[110gT ’

where the sum is over all n € N¥ e € {—1,1}* such that n{*ng® - - - nj* = 1.

PROOF. See Lemma 11 of [52]. O

7.2. As a consequence, we show that for coarse enough counts, linear statistics of zeta
zeros can rigorously be bounded above to the correct order. This is the first upper bound
outlined in section [l

LEMMA 7.2 (A Fujii-type upper bound). For o non-negative and integrable such that & is
compactly supported, there exists a Ty depending only on the region in which & is supported,
so that for all T > Ty,

& k
/Ra<tij1:[1GT(nj7t)dtOk(/RO—(tj{T)jl:[lLT(Mknj’t)dt>’

where the implied constant depends only upon k.

The upper bound Mj, is defined in .

Remark: Note that in the notation of point processes, the left hand side is

k
E H ZW(&)-

Z:(9) p=1
PROOF. See that of Lemma 15 in [52]. O

This is a slight generalization of an upper bound which Fujii proved using Selberg’s mol-
lification for the zeta function [20]. It is true for any functions 7, ...n; but of course not
meaningful unless the right hand side is finite.

We can state the lemma in more intuitive terms.

LEMMA 7.3 (A Fujii-type upper bound, restated). For ¢y > 0, there exists a Ty depending
only on €y so that for all a € R, all € > ¢g and all T > Ty,

l[a,a—i-e] (t/T) i 1[a,a+e] (t/T) k
/RT H Gr(nj,t)dt = Ok /]RT H Lp(Myn;,t)dt |,

Jj=1 Jj=1

where the implied constant depends only upon k.
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Proor. Note that there is an absolute constant C' so that

1
gl[a,a—l-e] (:E) S Cvﬂqﬁ(‘r)

for
1 _
Voels) = 5V (T50)
where
Vi(z) = (d222)
Because

Vae(2) (&) = €4 (1 — 10¢|z]) 4

is supported in [—1/¢eg, 1/¢€p] for all @ € R and all € > ¢y, we can apply Lemma to bound
the average in Lemma [7.3] from above. O

7.3.  We now turn to the second upper bound outlined in section [6] for test functions
with a narrowly supported Fourier transform. This is

LEMMA 7.4. For ¢y > 0, there exists a Ty depending only on €y so that for all a € R, all
€ > eg, and all g € C*(R) supported in [—X, X] with X < 1/k, for all T > Ty

]-aa €] t/T k
/R+67T|G 1) dt:Ok(Ak(lng+X ))

where A is the mazimum value of g.

To prove this bound we require another computational lemma that we will apply to Lemma

1l

LEMMA 7.5. For functions g1, ..., gr each supported on the interval [—X, X| and bounded in
absolute value by a constant A, for H > 1 we have

% Z H (Eelognz) :Ok(Aka). (43)

";1 €2... ‘k—lé 1

Remark: With control on the first and second derivatives of gy, a more exact evaluation can
be made. See Lemma 12 of [52].

Proor oF LEMMA [.5l We require from number theory only the Chebyshev estimate that

> logp = O(x)

p<zw

As the von Mangoldt function A is supported on prime powers p*, the sum in is just

g 5 (o)< f X T ().

pilfl __p*kfk 1 £= 1D pi\161 __p*kék 1 4= 1P

Here the sum ranges over all collections of k primes {p1, ..., pr }, k positive integers {1, ..., \p } €
N% and signs {e1,...,ex} € {—1,1}* so that e -~-p2’“6’“ = 1. Owing to the weights p*/2,
our main contribution comes from terms in which A\; = Ay = --- = Ay = 1. By unique
factorization, p* ---p = 1 only when each p; is equal to some pair, p;. As there are ¢
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ways to form such pairs, where ¢ is (k — 1)!! if k is even and 0 if k is odd,

k/2
%’; Z H logpe (10%{;”) — Ak - (Hl'z Z log2p>
pl

—=14¢=1 logp<XH p

= Op(A*XF).

For the remaining terms in which one of Ay, ..., A\g is greater than 1, note that if A, Ao, ..., Ag
are each no less than 3,

k
A 3 Hlogpé atogp) o A S LOBDy g (Aeomn
HE ,\2/2 H = Hk pr/2 [0X] H

p*1€1 _,p*k‘k 1 4= 1P A>3,p

1
At AR>S

Ak
=0u(77)
But because the sum is 0 if ?)1;)_17g2 > X, this is Op(A¥X*¥) all the same. Finally, if some Aj

is fixed to be equal to 2 — suppose without generality j = 1 — then in our sum some p; must
equal py. If we with no loss of generality suppose the index ¢ is 2, we have

%’; Z H logpé (10%13@)

pi‘lel ,_p*kﬁk 16=1

1 1 .
(ST ) T e ()

P A2>1 p§3‘3 p *kék _1¢=3 Py

A? Ak_2 IOgPZ A lo
:O<I{2];[k—2 > T/zl[o,z](“TgW) :
pkses_“ Ak _q €=3 by
3 Py

An inductive argument shows this is Oy (A*¥/H¥), and again, for the sum to be nonzero we
must have 1/H < X. Since there are only k such cases that some A; may be fixed to be 2,
we have shown that the sum is O, (AFXF). O

From Lemmas [7.1] and [7.5]

COROLLARY 7.6. Suppose we are given non-negative integrable o of mass 1 such that 6 has
compact support, and suppose g1, ..., g, are in C2(R) and each supported in a region [—X, X]
with X < 1/k and each bounded in absolute value by a constant A. Then there exists a Ty
depending only on the region in which & is supported so that for T > Ty,

k

/RU(tT/T) [1Gr(ge.t)dt = O (Ak<log1kT + Xk))

With a little more work,

COROLLARY 7.7. For o as above in Corollary[7.6 and g € C2(R) supported in [—X, X| with
X < 1/k and bounded in absolute value by a constant A, there exists Ty depending only on
the region in which ¢ is supported so that for T > Ty,

/R o(t/T) |G )|kdt:Ok(Ak(logl’“T+Xk)>'
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Proor. By Cauchy-Schwarz,

/]R AUEDIT- RPN dt<\// ST (Grge 1) (Gl 1) .

But

G / e(~x€)g(~x) du

and g(—x) is also bounded in absolute value by A and supported in [— X, X], so the corollary
follows from Corollary O

Remark: Corollary says that the kth moment of }éT( gg,t)‘ is small. This cannot be
immediately inferred from Corollary because if gy is signed, there may be cancellation in
the integral taken there.

Lemma then follows exactly in the same way as Lemma by majorizing %l[a,a-i-e] by
Va,e, exploiting the compactly supported Fourier tranform of the latter.

8. Upper bounds for counts of eigenvalues

In order to produce similar bounds for counts of eigenvalues, we need an analogue of Lemma
This is furnished by a result of Diaconis and Shahshahani [13]:

THEOREM 8.1 (Diaconis-Shahshahani). LetU(n) be the set of nxn unitary matrices endowed
with Haar measure. Consider a = (aq,...,ax) and b = (by,...,bg) with a1,as,...,b1,ba,... €

koo ko

{0,1, . HIf iy daj # 25— 3b;,
/ HTr )% Tr(g7 )b dg = 0. (44)

L{(n)

Furthermore, in the case that
k k
X (Zjaj,Zjb]) <n
j=1 j=1

we have
k

/( )HTf( ) Tr(g7)bs g—5abHJ Ta !, (45)
7lj 1

A simple manipulation in enumerative combinatorics allows us to rephrase as the state-
ment that for integers ji, ..., jr such that |ji| + - + || < 2N,

/M L1 du = 3" [T i 65—
A

(N) =1
where the sum is over all partitions of [k] = {1,...,k} into disjoint pairs {ux,vr} and
8j,,=—j, 18 1 or 0 depending upon whether j,, = —j,,. For instance, {1,2,3,4} can be

partitioned into the disjoint pairs {{1,2};{3,4}}, {{1,3};{2,3}}, and {{1,4},{2,3}}, and
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we have
/ Tr(u’*) Tr(w’?) Tr(w/*) Tr(u*) du =51 |05, ——j,|3165,=— ;4
U(N)

+ |j1|6j1=—j3 |j2|6j2=—j4
+ |j1|6j1:*j4 |j2|5j2:*j37
when [j1] + [j2] + [j3] + [ja] < 2N.

For the point processes Sjy, by using Poisson summation as in identity ,
COROLLARY 8.2. For g1, ..., g1 € C2(R) satisfying supp g¢ C [—06¢, 6¢] with 61 + -+ 6 < 2,

EII(Saeo- [ a@a) =S 2 +20(4) (7))

Ne=1 N X Njez\{o}

where the first sum is, as above, over all partitions of [k] into disjoint paris {ux, v}

8.1. With proofs proceeding exactly as in section 4, we obtain an analogue of Lemma

COROLLARY 8.3. For gi,...,gx € C*(R) each supported in a region [—X, X] with X < 1/k
and each bounded in absolute value by a constant A,

k oo
E H (Zﬁe(%‘) - / Je(a) da) = Op(AFXH).
Ne=1 N —o0
COROLLARY 8.4. For g € C%(R) supported in [—X, X] with X < 1/k, and with mazimum

value A,
k

= Op(ARXP).

oo

S o)~ [ glayda

— 00

E
Sk

8.2. In the same way, we can produce an analogue of Fujii’s bound:
k
> ()
J

For our purposes this is rendered redundant by our ability to explicitly calculate the corre-
lation functions of S}, and in particular by knowing Proposition — that Sy — S.

k
Sk

E
S

/]R Min() da

9. A Tauberian interchange of averages

9.1. Recall that for a weight o, GUE(0) is an abbreviation for the proposition that
the processes Zr (o) tend in correlation to the sine-kernel determinantal process S. In this
section we show that for many o, the proposition GUE(0) is equivalent to GUE(1; o)), that
is to say the GUE Conjecture proper.

We use the abbreviation
d\i(t) := log"(|t| + 2) dt.

THEOREM 9.1. Let o1(t) and o2(t) be non-negative piecewise continuous functions on R
of mass 1 both dominated by a function <(t) which decreases radially and is an element of
LY(R,d\y,) for all k > 1. If for fi(z) = e®a1(e®) we have f1(&) # 0 for all &, then

GUE(O’l) = GUE(O’Q)
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Our proof makes use of the first upper bound in section [7] the fact that the density of zeros
grows sub-polynomially, and finally Weiner’s Tauberian theorem to relate a specific o to
other weights.

9.2. We first develop an upper bound in terms of the weight 0. As a corollary of
Lemma making a change of variables 7 = ¢/T" and on the right, recalling the definition
of Ly, making the change of variables z = 102%(5 —T7),

COROLLARY 9.2. For e > 0 there exists Ty such that for T > Ty,

k
/ 1[a,a+e] (T) H GT(’I]]', TT) dr

Jj=1

k k
log™(|7] 4+ 2
Sk H'Mknj”Ll(d/M)(/1[a,a+e](T) d7+/1[a,a+e](7)(||)d7>'

oty log* T

for all a € R and functions ny, ..., nk.

Remark: The importance of this bound is that its implied constant (and Tp) is independent
of a and test functions 7.

From this,

COROLLARY 9.3. For o1 piecewise continuous and dominated by a function ¢ as in Theorem

[0 for T > Ty

k
/RUl(T)HGT(ﬁj’TT) dr Sk H”MknJHLl(d)\l)(HUIHLl(dT loglkT||<71||L1(dAk))
j=1 j=1

where Ty depends only on ¢ and o1 and the implied constant only on k.

Proor orF COROLLARY [0.3l Fix k. Let § be an arbitrary positive number, and choose K
so that

/ o(r)log" (7| + 2) dr < 6.
[t|>K

Likewise, choose € positive but less than 1 so that

/ (Mov (1) — o1(1)) log" (|7] + 2) dr < 4.
7| <K+1

‘We have that

/01 HGT (n;, T'7) dT</MU1 HGT n;, T7)dr
Jj=1 =1
Sk H 1M s 2 d>\1)</M0'1 dr+/Ma o Urliz) dT>

for T' > Ty depending only upon e.

Because ¢ decays away from the origin and dominates o1,

/ M.oy (1) logh (7| + 2) dr < 6,
|7|>K+1
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and so for T > Ty,

k
/Ul(T)HGT(njaTT )dr Sk HHMWJHU d>\1)</
Jj=1 T

Moy (r) (14 502 ) dr 46 (1+bg1kT))

j=1 [T<K+1
k k
1 T
Sk H ||Mk77j||L1(dA1)</0—1(7—)(1"' %) dT+2(5 (].+ loglkT)>
j=1

As ¢ was arbitrary, we can let it be smaller for instance than ||o1][1(4) and obtain,

k
1
[ A TGt 77 r % T Vel any (lorlercan + o lonlironn)

=1
for suﬁimently large T depending only upon ¢ and o;. ([

9.3. Before proceeding to a proof of Theorem we embark on a small digression.
Corollary yields a quick way to see that there is nothing special about using C.(R¥)
functions to test whether Zp (o) — S in correlation.

PROPOSITION 9.4. For each k > 1, let Ay, be a collection of functions n: R¥ — R such that

(i) For any n € Ag, n decays in each variable at a 3/2-power rate; that is, there is a
constant A, so that

s, i) < -
Ty, ..., xx)| < (1 + |21 [372) - (1 + |ax[3/2)
and more
(ii) For any p € C.(R) any any € > 0, there exists n € Ay, so that for all x € R,
€

lp(z) —n(z)| < L+ 21 372) - (L + |zsP72)

Then for any o1: R — R, positive, piecewise continuous, and of mass 1, and dominated by
a function < as in Theorem GUE(01) is equivalent to the statement that for all k > 1
and all n € Ay,

E Z 77(5j17"'7§Jk E Z le"""rjk)+0(1)' (46)

2r(o1) ji,. i, J1y--dk
distinct distinct

Remark: If not for the fact that the collections Ay may contain 7 which are not compactly
supported, this proposition would be standard. The 3/2 power decay in (i) and (ii) is chosen
for convenience rather than canonically. Some decay in the tails of functions 7 is necessary
for the proposition to be true, and for technical reasons later on to have a proposition with
for 7 whose tails decay more slowly than quadratically will be important.

PRrROOF OF PROPOSITION [0.4] Recall that GUE(o) is equivalent to the statement that for
all k> 1 and all p € C.(R¥),

E Z p(fjn'vgjk E Z 'Ijl"'7xjk)+0(1)'

Zr(0) Gy, Tk
distinct distinct
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By inductively including lower correlations, we see that this is equivalent to the statement
that for all k > 1 and p € C.(RF),

E Z p(€j1>“7§jk E Z ‘le"'7xjk)+0<1)'
Z1(o1) g1,k J1seedk

The sums here are over indices which needn’t be distinct. By applying Corollary [9.3] for
sufficiently large T', for any 7,

E Z U(Ejlv"ngk)

ZT(UI)J

<k.o1 /Rk Min(z1, .. xr) dXy(x1) - - - d\(xg),

where

Min(ay, .xi) = Y (sup |n|>1p(y( )

vezrk L)
where I} (v) abbreviates the k-dimensional cube kv + [—k/2, k/2)*.

Note that for any € > 0, any 7: R¥ — R* which decays in each variable in the sense of
condition (i) can be approximated by p € C.(R¥) so that both

&y, &jy, ) — p(mjl,...,xjk)>‘ <€,
J1s--3Jk

and
/]Rk M (n—p)dX\(z1) - -d\(xg) < e

It therefore follows that for continuous 7: R¥ — R decaying in each variable as in (i),

GUE(0q) implies
lim < 2e.

T—o00

E Z n(gjn'"vgjk E Z 5]1%‘75]%)

Zr(o1) ji,. g, s Jk

Because € is arbitrary, this shows that GUE(o1) 1mphes . ) for any n € Ay.

In the opposite direction, suppose that for all £ > 1 and any n € Ay, holds. Let p be
an arbitrary element of C.(R¥). For any € > 0, there exists an 1 € Ay, so that for all z € R,

In(z) — p(x)| < ‘

(14 |21 372) - (1 + |2 ]3/2)
Thus it follows as before that

E Z p(ﬁjl)"'v&jk)_ E Z n(£j17"'a5jk)

Zr(01) 4.k Zr(0) Gy,
distinct distinct

< E Z |p(€j17"'7£jk)777(£j17"'7£jk)|

21(@1) j1, i

579,01 €
and
p(zjy ., xj,) E E (@, @, )| Sk€
J17 Tk ]11 Ik
distinct distinct

As € was arbitrary it follows that

E Z p(€j17"'7§7k E Z ‘r.jl""7mjk)+0(1)'

Zr(@1) ji i, Tk
distinct distinct
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Because p was arbitrary, this is just GUE(oq). O

9.4. We return to the proof of Theorem Recall Weiner’s Tauberian Theorem:

THEOREM 9.5 (Weiner). For fi, fo € LY(R,dt) with fi(€) # 0, for any € > 0 there exist
constants wy, ..., w, and ay,...,a, So that

I f2(t) = > aifi(t — wi)|lprqar) < e.

That is, span,,cg{f(t — w)} is dense in L*(R,dt). See for instance [39] for a proof.

With this we can proceed to a

Proor oF THEOREM [0.1]1 Choose € > 0. Weiner’s Tauberian Theorem implies that there
exist positive hq, ..., h, and (possibly negative) aj, ..., a, so that a; +---+a, =1 and

lov(r) = aih; oy (r/hi)|lprgar < e

It is because o5 and o are both of mass 1 that we can choose ay, ..., a,, so that a1+- - -+a,, = 1.
Because linear combinations of separable and continuously differentiable functions are dense
in C.(R¥), an expansion into lower order correlations shows that for o either of oy or oy,
GUE(0) is equivalent to the statement that for all k¥ and continuously differentiable and
compactly supported 7y, ..., 7,

k
lim i i
THOOZ()HZT)ei =1]D_m(&)

=1 1 =1 1

Because any continuously differentiable 77 can be written as the difference of two radially
non-increasing functions, e.g. for x > 0,

o= ([ (G).w) - ([ (@) %),
GUE(0) is equivalent to the statement that
k

IR CRST B[S0

— ZT(O' /=1 i

_EHZ"J (&) +o(1

le

for any collection 71, ...,n; of radially non-increasing functions, continuous and compactly
supported.

We make use of a monotonicity argument to show that on the hypothesis of Theorem [0.]]
for any h > 0,

/ ( )HGT ne, T'T) deEHZW &) +o(1 (47)

E 1
Clearly this is true for h = 1. For other h, the left hand side of (47) is equal to

k
/01 (1) H Gr(ne, Thr)dr.

{=1
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If we define n[p](z) := n(p~'z), then for p; < pa (as long as 1 is non-increasing radially)
n[p1] < n[p2] pointwise. Also note

Gr(ne, Thr) = Z” (1°gT7 ThT))

= GTh (77[ [1 + 1125;1*] ThT) .

We consider first the case that h < 1. In this case, for T' > T’ (because the quantity 1+ 11§§ ;1
decreases as T’ increases)
/ H GT T]z, ThT dr < / H Gy, (7}@ [1 + 11)05;/] , Th’r) dr
=1
-EIl (Zﬂ + 1okt <&-)> +0(1) (48)
(=1 i
For the same reason,
k
/01(7) 11 Gr(ne, Thr)dr /01 HGTh (ne, Thr) dr (49)
=1

~BIT (T we) + o)
s i
As T — oo, we may choose T" arbitrarily large, and because the resulting limiting expression
in is continuous in lg)gg#,, we have as claimed.

In the case that h < 1, we may use the same argument, with the inequalities in both
and reversed.

To complete the proof, note that by Corollary [0.3]

k
hmT%OO’/ 02 Zazh o1(1/h;) HGT(W,TT) dr
(=1

Sn.k limy_ oo <H02 Zazh o1(t/h;

< €.

Ll(th))

ah;o1 (7
Miran ¥ log T H )= 2 ahion(r/h)
Because € was arbitrary, (| and the fact that a1 + -+ -+ a, = 1 yield that

E HZW &) —/ H 7(ne, T'7) d

Zr(o2) p=1 =

as claimed. O

Remark: Note that instead of the monotonicity argument we have used above, which relies
critically on the positivity of counts of zeros, one could also proceed alternatively without
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this information, by using Corollary to show that

k k
/Gt(T) H Grh (W[l +log h/log T, ThT) dr — /01(7) H Gt (ﬁg, ThT) dr — 0.
=1 =1

This method of proof does have an advantage: in this way we could prove the theorem for
weights o1 and o9 that are not non-negative. We will not need to consider such weights in
what follows however.

9.5. We note two masses o for which GUE(o) reproduces itself to other masses.

CoROLLARY 9.6. The GUE Conjecture (GUE(1(1,9)), that is) implies GUE(02) for any o3
which is piecewise continuous, in LY (d\y,) for all k, and dominated by a decreasing function.

PROOF. It is apparent that o1 := 1 5 is itself non-negative, in L'(d)\y) for all k, and
non-increasing radially. In addition, the function fi(t) := e'1}; 5(e) satisfies
R 217i27r£ -1
=—F#0
1) =~ —ione # 0,
for all €. O

Likewise,

COROLLARY 9.7. For

o1(t) i= ;T(Si?/g/Q)Q, (50)

GUE(0y) implies GUE(a2) for any oo which is piecewise continuous, in L'(d\g) for all k,
and dominated by a decreasing function.

PROOF. Again it is apparent that oy is non-negative and may be dominated by a function
that is in L' (d);) for all k and non-increasing radially. If f1(t) := eloq(e?), then

R . T . _'7'('2
fite) = TR
for all €. O

COROLLARY 9.8. The GUE Conjecture is equivalent to GUE(o1) where o1 is defined in (50)).

For us the significance of this particular o is that
61(£) = (1 lal)+.

10. Approximating a principal value integral

10.1. 'We have come to the point to introduce the cutoff f|. of functions f mentioned
in the outline in section [} Recall and (28), the definition of the bump function a and
rescaled bump function «. of width 2¢. (Earlier our interest was a rescaling with large width,
in the context of the present chapter, we rescale to small width.) The reader should check
that «(0) =1 and &/(0) = o’/(0) = 0. Using a., we define

we(z) =1 — a(x)

Qe() := we(x) 1, (z).



ARITHMETIC CONSEQUENCES OF THE GUE CONJECTURE FOR ZETA ZEROS 35

It is easy to verify that Q. € C%(R).
We define the cutoff function f|. for f: R — R by
fle(w) := f(2)Qe(x).

For small € this approximates f - 1g, . Further, for b > a > 0 we define

Flo(@) = fla(z) = flo(),
which is supported on the interval [0, b] and morally acts as a restriction of f to the interval
[a, b].

10.2. The purpose of this section is to show that

LEMMA 10.1. For admissible g (see definition , and non-negative and integrable o such
that & is compactly supported, there exists Ty depending only on the region in which & is
supported so that for all T > Ty and all € > 0,

o(t/T) ~ T
/RT|GT((9|E) )| dt Sk ||9||21(R) + H!/Hﬁl(ua) + HQNHIEI(R)

for k> 1.

This lemma may be at first surprising in the same way as the upper bound Lemma [7.4] In
fact, it is true for much the same reason as Lemmal[7.4] A partial explanation for the bound
is that while (g1r, )" is not integrable for g smooth and g(0) # 0, for such g the principal
value integral

R

I 1 )
Jim 7R(9 k) (§)dE
has the limit
- %9(0)7
owing to the oscillatory nature of glg, . For small €, g|. resembles glg, and so in particular
llglellzr will grow without bound. But at the same time (g|.) will capture the same oscillation
as (glg, ) and (much as in Lemma , this substantially reduces the size of Gr((g|c)",t).

10.3. In proving Lemma[10.1} it will be useful to have in mind some standard explicit
bounds on the decay of g for g € C%(R). Note that

96 = gz | 9" @el(-€) da

and because we have for all £ (in particular for £ close to the origin),

9] < lgllLr®),

we have the estimate

it = o(MlgIER). 61
With this in mind,
T
/]R 0(7;{ >LT( g], )k dt = Ok((HQHLl + ||9//HL1)k)~ (52)

and so a trivial consequence then of Lemma [7.2] is
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LEMMA 10.2. For o non-negative and integrable such that & is compactly supported, there
exists a Ty depending only on the region in which & is supported, so that for all T > Ty,

/ J(tj{T) GT( |§‘ ,t)k dt = Ok((”g”Ll + ||9HHL1)’C)-
R

10.4. From this, it is a short path to Lemma |10.1

Proor oF LEMMA [I0.1]l From Minkowski’s inequality,

(/R o(t/T) G ((g) )’t)|kdt>l/kg(/R o(t/T) G EMY,tdet)l/k 5
+ (/R o(t/T) |G ((gl1/x) 1) dt)l/k.

From Lemma [7.4] there is Tp so that for T' > T,

[ 2Dz 0 a5 ol (e + (2))
< lall. o

On the other hand, applying equation (52)) and its consequence, Lemma m

/ olt/T) |G ((g]1/x) )| dt Sg / olt/T) (!GT (gliye)st )’k+’LT((91/k1t)\kdt
R R

Sk ||Ql/kg||L1 +11(Q,29)" (151
Sk gl + 119 e+ lg” Nl (55)

as Qq 5, ) Sk and Qf /i are all bounded. (Here we have repeatedly used the inequality
(a+b)kF <p ak +bk)

Substituting and into gives the lemma. 0

11. Zeros and arithmetic

11.1. From the Tauberian result, Corollary the GUE Conjecture is equivalent to
the claim GUE(o), for oy defined in (50). In this section we prove Theorem Our proof
is broken into two parts; we first show that the GUE Conjecture implies the identity
for admissible functions, and in a separate second proof we demonstrate the converse.

11.2.

PRrROOF OF THEOREM 2.4} THE GUE CONJECTURE IMPLIES (12)). We begin by establish-
ing that for fixed admissible f, there exists some positive er (depending on T') so that

Cr [(fler) 1] = 10_ng /fo 7 (2r ) e dea) + O (kr ), (56)

and (letting f(z = [ f(&)e(x€) d§ denote the inverse Fourier transform),

éT[<f|ET>zt] — o | 1) o) + 04 (i) 57)
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For, for admissible f, there is some o < 1/2 such that

! ' f( = )emdz(x)—O ! ' /2= dp ) = O ( )
IOgT - log T =Y lOgT - f log T

and by continuity there exists some e > 0 so that

1 [ o 1
_ x T <
logT/O (f f'é”(logT)e d2(2) < 0o

as (f — fle)(z) — 0 pointwise for all z > 0 as € — 0". (Of course, one could choose er in a
way that the left hand side is much smaller than 1/log T, if desired.)

On the other hand from Proposition [5.10]

Gr((fr):0) = oo [ (fler) (2

- o7 / <f|eT>(logT)eimt 420+ O (17

Combining these equations gives 7 and ([57) can be proved the same way (or alternatively,
by conjugation). Note that we may Suppose er — 0, and if and hold true for some
er, they also hold true for any €/, with ¢/, < ep.

7)€+ (Fler) ()" d(a)

We also have for admissible fi,..., fj, g1, ..., gr, With f = f1 @ - - ® fj, 9 =1 ® - @ g,

Ur(f;9) = J+kT/Rk/ logT)g(logT)ol(%(ler tap—y— e — ) @ a(x) dE 2 (y)

1 o1(t/T) )
:lg]+kT/ 1(E/7) (H/ IOI;T m”’“tdz () H/ ge/ logT e dz(yg)) dt.

=1

We are above able to interchange the order of integrations in the variable ¢ or other variables
as an application of Fubini’s theorem because for fixed T' and any admissible function f; (or
ge) above,

/R ‘fg(@) ‘ d(¥(e”) + ") < +o0.

Hence from this representation of ¥ and ( and , there is some e — 0+ such that

J k ~
Ur(fig) = -1y [ 2D [[(GT (feler )+of(1o;T>)€H1 (Gr((geler) 1)+ Oy (r) ) e
— (_1)j+k/R Ul(;!T) g f€|eT , éHl GT gé/ €T , )dt-f—Of}g(@),

(58)
the second line following from expanding the product in the first, and using Holder’s inequal-

ity and Lemma to bound those terms in which an error term appears.

We will show shortly that for all e > p > 0,

J

== IG5 0 T1 Gr((ael,)0) e (59)

(=1 =1

k
:/‘71 H ((fele) HGT gele)st) dt + Oy 4(e),

=1
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and likewise that

S(f[ (felo)( 2>(enlzz:g€/ > (60)
- B (T (1T S +0ruto)

=1 1 =1 1

Let us for the moment assume the truth of these bounds (59)) and (60)) to see that they allow
us to derive identity (12)) on the GUE Conjecture. From 1 8) and (59)), with p = e, for any
€ > 0, for sufficiently large T,

o (fig) = (- >J+’“/R°'”/T HGT (1) TT Gr((geloyst) de+ Opgle) (61)

=1
But from , because

/R (fele) (@) dor = / (901e) (a) da = 0

for all ¢, ¢, we have

/Rm (/1) HGT (fele) HGT ((gerle) st

=1

= [ D (Gl + 0 (7)) f_[ (G ((0010) + Onc(ir ) )

{=1

:/]Ra'l t/T HGT f2| HGT gé, dt+0fge(10éT)7

=1

using in the last step the Fujii upper bound, Lemma (The last line could also be obtained
from the GUE Conjecture itself, since we are at this point assuming it.) We substitute this

in equation .

In the language of point processes what we have thus shown, by assuming for the
moment, is that

Vit = B (HZm )(HZW &) +070(0 + Oroc by )

=1 1 =1 1
(62)

GUE(0y) implies that

lim (HZfe )(HZ!M z)

T—o0 ZT(UI)

B[ ) (1 o)

In particular, because € is arbitrary in , Ur(f;g) has a limit as T — oo for admissible
[
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But in turn (from Proposition ,

B (IS e) (1)

=1 1 =1 1
j k
= ]\;lm (H Z(fde)A(J?z)) < H Z(Qzlle)v(l‘i)>.
TSy N\ =1 4
Note that, for any ey > 0,
<HZ f€|6N Ty >(HZQ€/|EN Z; >
=1 1 =1 1
1 J k , J k
— W Z Z H f€|eN (%) H gZ’|eN (%) / HTI'(’U,”‘) H Tr(usi,’) du
r€Zi seZk I=1 =1 UN) =1 =1
J k j k
= ﬁ Z Z H fZ|eN (%) H gl’|eN (%) / HTY(U,_TZ) H Tr(u“')du
reNy_ seNk (=1 =1 U(N) y4 =1
J j k
e 5 S T (3) Tl () | [ [T )
(=1 =1

reny, seNk (=1 =1
using Proposition (that mixed moments of traces are real valued) in the last line.

For any function f, for ey < 1/N,
flex(r/N) = f(r/N)
for any positive integer r. Therefore for such ey, is just
(=17 On(f;9)-

Letting € be arbitrary, and using p = ey in , we see, in the same way as for Ur, that
On(f;9) has a limit as N — oo. But for any € > 0, both limits will be within Oy 4(¢) of

j+kE(HZfe| )(HZQ@ z)

{=1 1 =1 1
and therefore Oy 4(€) of each other. Because € is arbitrary this is (12)).

We therefore need only verify and .

To verify , note that
éT((félp)A7 t) = éT((fél;)A’ t) + éT((fAe)Aa t)
= ay + Ap.
In addition to this shorthand, we also use
by = CN?T((QMZ)VJ)
By = Gr((geld)t).
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Substituted into , we show that the terms ay, b,y make a small contribution. More exactly,

/Ral(tT/T)H ((felp) HGT gelp) s t) dt (64)

=1 =1

j k
= /R Ul(;/T) H(aé + Ay) H(bé’ + By) dt

{=1 =1

J k
-7 UIIW

DS oo [T a3 I] b I B
0 CJC 4] led A¢J U'eK N¢EK
0 CKC[k]
JUK#)

But for any of the terms in this last sum, by Holder’s inequality,

[ YD o [ T e T B

ted  N¢J eK  N¢K
1/(j+k
(/ 01(t/T)|A e dt) /(G+k)
R

/7). 1/(j+k)
I ( [ 24 ) T
teg gJ
T 1/(j+k) T ] 1/(j+k)

% H (/ 01 t/ |b |]+kdt> H (/ 0'1(;{ )B/\/]+kdt>

veEK Ng¢k VR
=[T1on@IT0n® IT Ou &) TT Ou. (1)

teJ AgJ veK NEK

for sufficiently large T. Here we have used Lemma (the Fujii bound) to bound those
terms with Ay or Bys, and Corollary to bound those terms with a, or b, recalling that
felf, and gy are supported in the interval [0, €].

In no term of the finite sum in the last line of are both J and K empty, and so is
just

J k
/R(“(;/T) [ A ] Bedt +0y4(e).

=1 =1
This demonstrates .

is proven in the same way, substituting Proposition for Fujii’s upper bound, and
Corollary [8:4] for Corollary [7.7} O

11.3. A proof in the opposite direction is less technically demanding.

PROOF OF THEOREM [2.4} IMPLIES THE GUE CONJECTURE. Assume that holds
for all admissible functions. Let fi, ..., f,, be arbitrary C?(R) functions. From , we have
for any {e1,...,en} € {—1,1}",

(_l)n 121 m
Tlgrclx; log" T f1<lsong> "'f”(i?gxz"*)(l —Tlery +"'+€”$”|)+d 2(w)

- e T (505 (o0) [, T

(N) =1
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But by the explicit formula,

71 n ”
> fogn)T/R () g (355) (1= Tlevs - ) ')

ee{-1,1}»

:/alt/TH

From Stirling’s formula, in particular (34 , this is equal as T — oo to

A”l(ZT)ﬁ(GT(fZ, t) - k’gbg;Q/f Yo+ O, (15 ) )

£=1

=/R‘“(tT/T)f[(GT<fe,t) k’gl('fg;z/f ydo)dt+0s(lr),  (69)

{=1

the last line following from Lemma (the Fujii bound) in the same manner we have used
it previously. Because we have

log([t] +2) [log (' + 2)|
logT' 71+O( logT' )

we may use Lemma [7.2| once again so see that the expression in (65)) is equal to
y g

n

H (Zf‘ &) /ff da) +Of<logT)

Zi(o1) g=1 \

On the other hand,

S o 2 A

ee{-1,1}» reNy} =1
-E ( fuw) — [ e >da)
BII (S - [ jte

by equation .

Thus, it inductively follows (by removing lower order correlations) that for fi, ..., f,, arbitrary
C2(R) functions

lim Z fl 5]1 ' (5] )_ lim E Z fl xl fn(mn)

T—)ooZ N—)oo
7(9) j1cisin SN 1rensin
distinct distinct
—E > fil@n) - falwn). (66)
]17"'7]71
distinct

Yet, any such fl R ® fn will decay quadratically in each variable, and if A,, is the linear
span of such functions:

A :=span{n: R" - R:n = L@ ® fas frrenfn € C%(R)},
it is easy to see that for any p € C.(R¥) and any € > 0, there exists € A,, so that for all x,

|p(a:) - 77(33>| < (1+ [2132) (1 + |2aP72) (67)




42 BRAD RODGERS

For, using (51), for any n € C,(R) and € > 0, there exists f € C2(R) such that for all z

A €
In(z) — f(z)| < W

And quite generally if B is dense in C.(R), then the linear span of functions {n; ® --- ®@ 0y :
n; € B Vj} is dense in C.(R¥). In the case that B = {(1 + |23/2)f(x) : f € C?(R)} this

yields .

Therefore, because A, is in this sense sufficiently dense, by Proposition is sufficient
to deduce GUE(o), and therefore the GUE Conjecture proper. O

11.4. Note that in the above proofs to pass from to the GUE Conjecture and
back, we did not require knowledge of correlation functions at all levels, but rather for any
n, knowing the first n correlation functions of the zeta zeros was sufficient to pass to
for all j + k < n, and vice versa.

Because we know the n =1 case of the GUE Conjecture is true unconditionally, we have as
a corollary to Theorem an arithmetic statement that is equivalent to the pair correlation
conjecture.

COROLLARY 11.1. The case n = 2 of the GUE Conjecture is equivalent to the claim that for
all admissible f,g: R — R,

/R/Rf(ﬁ)g(ﬁ)vﬂx,y)dz(w)dz( = log? T / fla)g(a)(aAnl)da+o(1 ))

On the right hand side,

/ flo a/\l)doz—NQZf / Tr(u")Tr(u®) du,

which can be seen from either the Diaconis-Shashahani type identity (17]) or the explicit cal-
culation of correlation functions for eigenvalues of U(N), Theorem he latter approach
is somewhat more tedious, involving as it does an inclusion-exclusion argument, but for us
it will generalize.

We have outlined in section [[[how Corollary[IT.1]reduces to Theorem a weighted estimate
for the variance of primes in short intervals, with an algebraically nice form. We record below
the analogues of Corollary for the cases n = 3,4, but the resulting statements are less
simple than Theorem [T.2]

On the other hand, we do derive a generalization of Theorem [[.2 which is algebraically simple
in section This is the covariance of almost primes with higher order von Mangoldt
weights. The estimates we consider there fall short however of implying in full that any
n-level densities for the zeta zeros follow the GUE pattern, beyond n = 2.

COROLLARY 11.2 (The three point correlation conjecture). Assume the pair correlation con-
jecture, that holds for n =2 for all fixed n.
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Then the statement that holds for n = 3 for all n is equivalent to the statement that for
all admissible f1, fa, g

|0 (r) () (oo a,) detan (o) ) (65)

= IOg?’T(/]R2 filon) f2(a2)g(ar 4+ az)[(er A1) + (a2 A1) = ((aq + a2) A1) dardes + o(l)).

COROLLARY 11.3 (The four point correlation conjecture). Assume the pair correlation con-
jecture and the three point correlation conjectures, that is, that holds for n =2 and 3 for
all fixed 7.

Then the statement that holds for n =4 for all n is equivalent to the claim that both:

(i) For all admissible f1, fa, f3,9,
/R/R3 fi (bmﬁ)fb (Jﬁ)h(fﬁ)g(%)vﬂxl + 22 + a3, y) dz(21)dz(22)d(23) dz(y)
~log! (T /R Fi(an) folan) fa(o)g(on + oz + as)[(a1 A1) + (aa A1) + (az A1) (69)
— ((Oq +ag)Al)— (a1 +a3) A1) — ((042 + Oég) A 1) + ((Oq + ag + 043) A 1)] dardasdag + 0(1))

and

(i) For all admissible f1, f2,91, 92,

/Rz /}R2 fi (Jﬁ)h(%)gl (ﬁﬁ)g(lfﬁ)vzp(wl + 9,91 + y2) dz(z1)dz(x2) dz(y1)dz(y2)
= log™ T(/R4 fi(ar) fa(a2)g1(B1)g2(B2) [6(a1 +ay—fB — ﬁz)(l + (1 =)y + (1 —a2)t

+ (A =P)++ (1 =B2)+ —(L—ar—az)y — (1= far = Bu])4+ — (1 = oa — B2|)+
—2(l—arAaz ABL A 52)+) +6(ar — B1)d(as — Bo) (a1 A1) (az A1) (70)

+ (5(0(1 - 62)5(0[2 — 51)(041 A\ 1)(0(2 A\ 1):| daydasdpdps + 0(1)).

One can of course continue on in this way for even higher correlations.

12. Zeros and the zeta function

12.1. We turn to upper bounds for moments of ¢’ /(.

PRrROOF OF THEOREM (201 We recall Theorem that for f(x) = exp(—Az), and log T >

24,
1 C/ A . -1 e i
logTZ<%+logT_Zt) :logT/ f(logT)e Hdx(2)

——00

~0(te) + o | () dx(o)




44 BRAD RODGERS

There exists er close enough to 0 so that this expression is

Of(logT) + lo_ng /O_ﬂ><J fler (logT)eiIt dz(z)

-1 .
= _1_ im R z ixt
_Of(logT) T 1ogT/Rf|6T<1ogT)e dz(z),

the second line being an easy exercise. Using Proposition [5.10] this is

Oy (i5ir ) +lim G ((f15)1).

Because
I i =
Am sup [ flz lleig) =0
li R/\1 _
A sup. ICFIE) Nzrry =0

we have from and that for any § > 0, there exists Rs so that
. =~ R \~
Jim [Gr((&,)71)| < dlog(Jt] + 2).
In particular, setting 6 = 1/T, we see that
IS 1 A i) = & Ryyr 19) 19) log( \t|+2)
7 §+10gT_7’ T((-ﬂ ) )+ f logT +

logT ¢
= Gr(() 1) + Gr(U157).0) + 0 (k) + O 224122,

so from Minkowski’s inequality,

/RU(ZT) lo;Tg( +1ogT it)’kdt §k/R e ’G Ty )| di (1)

+/R o(t/T) |G (150751 dt + op(1),

where in this case we define a(t) to be 11 9(t) (though one could certainly use other weights).
From Lemma (or Lemma [7.7)), because felT/k is supported in [0, 1/k],

/ t/T G ((F5) )| dt = O4(1),.
R

Likewise, because

L ey = Ora()

Ry

1Y ey = Opa1)

as T — oo, Lemma [I0.1] implies that

tT T
/R (t/T) G (1507, 1)|" dt = 054 (1),

Substituting these bounds in gives the theorem. O
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Remark: This analysis can be reproduced in a more traditional way by using the famous
Selberg mollification formula:

g(s) _ i Ax(’l’b) 1 Z 1,1/2+i’yfs _ 1,2(1/2%»2'775)

¢ ~ n* logz (1/2+iy —s)?
p20—5) _ p1—s 1 & 205 _ p—2(2q+s)
* (1—s)2logz T logw (29 + s)? ’
g g1 q
where

A(n) forl1<n<gzg

Ag(n) = A(n)% for x < n < 22
0 otherwise.

Letting x = i logT and s = l + + it, we can produce an upper bound for

A
log T

2T 1 C/ k
- t)‘ dt
/ log T ( 3t IOgT Tt

in the same way as above, with

1 Ay (n) . ~ 1/k
g T (Z e ) playing the role of Gr((f/*)", 1),

and
1 1 xl/Q—&-i’y—s _ x2(1/2+i’y—s)

log T log = - (1/2 + iy — s)2

playing the role of éT((f\f/l,éT)A, t)?

and the remaining terms of order O(1). Indeed, the latter sum over v can be bounded from
above by Gp(n,t) for some 1 of quadratic decay, moments of which can be bounded with
Fujii’s theorem.

Remark: On the surface this upper bound may seem to resemble upper bounds for the
moments of the zeta function itself on the critical line. (See [60], [50], [29] for recent
conditional results of this sort.) The resemblance is somewhat superficial however; as we have
shown, the moments of ¢’(s)/((s) at a microscopic distance from the critical line concern
only microscopic interactions between zeros, while the moments of {(s) have a much more
global dependence, influenced — perhaps especially in their arithmetic factor — by macroscopic
statistical interactions among zeros.

12.2. We can now turn to a proof of Theorem [2.2] our restatement of the GUE Conjec-
ture in terms of the mixed moments of the zeta function. In this subsection we demonstrate
the asymptotic equality of and @ on the assumption of the GUE Conjecture. In fact,
we show more:

THEOREM 12.1. For 1< j<j and 1</ <k, define

fo(z) := Pg(sc)e_A”
g (x) := Qu(x)e” Pr*

where Py and Qg are polynomials and Ay, By are constants with RAg, RBy > 0. Let o(t)
be either the function 1o or 5=(sin(t/2)/(t/2))? as in (B0). Then the GUE Conjecture
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implies that

1 o(t/T) k —0 k =50
i Le —iaet 1yt ,
A logj+kT/R T (ELOC fo(rotr)e dz(xg)Engi (o) e et dz (g )) dt

= lim @N(f1®"'®fj§§1®"'®§k)' (72)
N—o0

Remark: Tt follows from partial integration as before that the integrals

[ e

—

converge.

In the case that fy = g = 1, we see from Theorem [£.2] that the left hand side of equation
is exactly (—1)7** times the expression in Theorem |2.2} while the right hand side is

N~> Nngk Z Z <H6A5T2/N He Bwsz//N>

reN’ seNf = =1

X (/M ﬁ(—Tru”) ﬁ(—ﬁw)@)

(N) p=1 =1

. A A[ BZ!
= Jim (=) ”k/u(N)H )HIZ(N>du’

where we can swap the order of integration and summation because for fixed N, Tr(u") is
bounded as r — oo. This is, of course (—1)7** times expression @D

More generally, if f(z) = P(x)e~4® for a polynomial P, note that

5 (= ()2 (4), 2

and likewise for the zeta function,

/—>o<> f(logT)e—m dz(z) = P(dA) CCI (; + a7 T+ it). (74)

——00

We will use this more general framework when proving Theorem and evaluating the
covariance of almost primes.

PROOF OF THEOREM [I2.7] Let € > 0. We have as in the previous subsection that there
exists e so that

1 —00 - _ C . _ §
o | (i )t as) = O (k) + G, ) + i Gr(170),

and likewise for g,. As before, there is some R; ;7 so that
Cr (7)) = Jim Gr((fol)1) + O (a2,
and one can find R’, depending on €, but not on T', so that as T — oo,
el e < e

R
I(Fel ™) Iz <ce,
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and therefore, using Lemma [10.2]
/ (t/T |G’ ( R1/T )}JHC < Itk
R

for sufficiently large T'.

Therefore we may decompose our integral against dz:
1 —00 i . C - ~
/ ff(logT)e "dz(x) :Of(lo;T) + Gr((felep)5t) + GT((f£|f) 1)
——00

logT
+Gr((fol ™) 1) + O(PEE),

and likewise

_1 — 0 . ~ ’
/ gw(ﬁ)e—zrt dZ(.I‘) =0 (logT) +GT((§€/|:T)Aat> +GT((§€’|§ )A7t)
N

log T
Gl 0 + O loxtle),

Here the terms

Gr((fe|F) 1) and Gr((g,|F) 1)

will be the main contributions. Note that in the second equation we have taken a Fourier
transform (G- -- )7 as opposed to the inverse Fourier transform (f---)”in the first equation;
the reader should check that this is indeed what arises from conjugating the left hand side.

Applying Holder’s inequality to these decompositions as in section as T — oo,

(17 L at)T) (T [T ) s\ —in
logj+kT/RU T (zl_ll/ fe( ) et da(x H/ g (

— 00

e~ ”l'tdz(:rg/)> dt

/R o HGT ((Fel) HGT (@) 1) dt + Op,9(€) + 01,4(1). (75)

=1
But from the GUE Conjecture (which implies GUE(J) for either choice of o),

J
t/T H fl‘R HGT ge' A’) dt

\

(=1 =1
=]§HZ(fz| (&) Hzgz, &) +o(1). (76)
(=1 1 =1 1

Here we have used that f,|® and g,,|F are each smooth, implying that (f;|%) and (g, |F)"

are guaranteed to have (much faster than) quadratic decay, so that Proposition applies.
In turn, the right hand side of ([76]) is the limit as N — oo of

E]_[Zfel () HZg@ zi)

Nllz =1 =

—EHZf€|eN ;) HZQ["GN ;) + Org(€) + 01,4(1),

Nélz =1 1
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for ey = 1/2N, using the same estimates as above with the point processes S); in place of
Zr(02). But by applying Poisson summation (as in equation ),

EHZ felen) (i) HZQ['|6N ;)

/Lt(N ﬁ(Z fz'”’( )Tr( W)> 1;[1 <s’eZ ]i,ge/kN(_]f,”)Tr(usf’)) du
B Nj*’“/ qu<Zf€|6N( ) r>> egl(igwe,v(f\;)ﬁ(u_s/)) du.

Interchanging integration and summation is plainly justified, and we see that this is

(—1) P ON(f@- @ [, ® - @ Tp)-

Because for any € > 0 as N — oo this is within O(e) +o(1) of the right hand side of (76]), we
see that the right hand limit of exists. But in the same way, for any € > 0 as T' — oo
the left hand side of is within O(e) + o(1) of the right hand side of (76]), so that the left
hand limit of (72)) exists. Therefore the two limits in are within O(e) of each other for
any € and are thus equal. O

12.3. In the converse direction,

PROOF OF THEOREM 2.2} THE EQUIVALENCE OF AND (9) mvpLIES THE GUE CONJECTURE.
Naturally, our proof will bear a similarity to the proof above of the second part of Theorem
We use the formula that for L > 0, 7 real, and T sufficiently large,

! C/( + 2mLoin) it) __ /_>Oc exp( In(L_im) ) et dz(x)
logT ¢ logT logT logT

——00
1 o onL i2nT it
:_logTL_meXp(_ et Tl + g ) dz(z)
1 0 2n(L—iT) izt /2
_ 1()g;11/7(7<3(e><13< TogT T )e e “dx
1 0 om(Lit) \ iwt a2
+ log T Lm exp (Wl)e e “dx

_ 1 /_ﬂxexp(_QwL |_’_127T7' )iwtdz(x)+0( 1 )
logT o log T logT logT :

Thus,
Uy om(i—in) Uy on(igin) |
logT?(5 R 7“) + logTz(5 * T Jth)
1 e 2rL|z| — i27TTN 2rL|z| + 277w . 1
- kel B g, (2 280 ] gy o LY,
logT L_oo [exp( log T’ )e —I—exp( log T ) #(z) + log T’
If
f(z) := exp(—2nL|z| + i2n7Tx)
then

F(©) = hee(©) = 7(57T)
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where

Hence we have by the explicit formula

1 /—)OO [exp ( _ 2mLfz| - i2ﬂ'7’m> 4 exp ( 2rL|z| + i27r7'x) mt} dx(z)

B logT J_,_ logT logT
. > log T
=Jm [ anx hir ((5 (€ — 7)) dS(€)

_ /_oo hL;r(ngﬂT (5 _ t)) dS(f),

the last line following from dominated convergence. Therefore, for positive constants L, ..., Ly
and real 7, ..., 7,

27 k-
/ H Gr(hpyr,t)dt
2T k / ’
- 1 g 2Tr(Lg—’LT() o 1 C L(—‘rl‘l’() . 1
/ (logT ¢ ( T T Zt) * logT ¢ ( +° log T —|—zt) +O(10gT) di

1 = b 1 Cl 1 27T(L[7’L‘T,g) . 1 CI 1 Lg+7,‘rg) . 1
_T/T é_l_[l(logTQ(2+ log T _Zt)+logTZ<§+ log T +Zt>) dt+0(logT>’

the last line following from Theorem [2:1]

N

On the assumption of condition and @D, this is asymptotic to

k . -
. 1 A 2L, — 1277y A 2nL, — 277y
:: 1 ( n ’ l) < - l l) d ’
@ NLI%ON'C/U(N)E<Z N 7 N "

Using Poisson summation as before in ([30)

ﬁ-(i(‘ 2L J—Vi27r7') N %(_ 2L ]—Vi27r7')>

(ZZ o (- 2nL - imrg ) ) -1

Jj=1reZ

(ZZhLT (6, +u))) —1,

j=1veZ

_I&TM‘E}H<XZ‘:MU i —1>
_E)H(zi:huﬂ(xi)l).

£=1
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By Stirling’s formula,

logt 1
logT _
Gyt Zh ) 1ogT/RhL’T(x) dx+OL’T(logT>

_Zh (2L (y —1)) —H%,{@).

Using Corollary [9.3] we thus have

A B Il (Zhenter-1) = P;;[ (Zh@:) -1),

T¢=1 7

for all k and all sets of positive constants L, ..., Lg, and real constants 71, ..., 7. Inductively
removing lower order correlations from the above sums, we obtain for any such series of
constants that

E Z hi, g]l) chpm (5]1@ E Z hi, .z z]1) whiyn, (xjk) +o(1) (77)

T j1seensdne J1 <Jk
dlstmct dlstmct

But it is clear that if Ay :=span{hr, r, ® -~ ® hr, 7. : L1,...,Lg >0, 71,..., 7 € R}, then
Ay, satisfies the conditions of Proposition so that implies the GUE Conjecture. This
proves the theorem. (I

13. Counts of almost primes

13.1. We turn at last to the proof of Theorem It is easy to give a heuristic outline
of the main ideas involved, although the rigorous proof that follows will entail substantial
modifications.

We note that if dP(z) is the measure given by di(e®), then it is easy to verify that
dP x dP(z) + x dP(x) = dipa(e®)
In the same way, preceding entirely formally, if we define
dzo(z) = dz x dz(z) + z dz(z),
this measure is given by the above measure dis(e*) minus a regular approximation:
dzo(z) = dipy(e®),

where, recall, 1y was defined in section [2| in equation (22). If we have proved Theorem
for more general f, g than separable functions, we could say that

. 2,1/ p. 1 2,10 p.
Jim WR(f59) = lim O%'(/: g), (78)
where for 5 > 0,
f(i[,’hl'g) = 1[0”3)(‘%1 + CCQ)

9(y) == 10,5 (y)-

The advantage of this particular choice of f is that it allows us to convolve in the variables
z1 and zo, and the left hand side of reduces to

bglsT/R/R1[o,ﬁ>($)1[o,ﬁ>(y)vT(x,y) dz * dz(x) dz(y),
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while the right hand side reduces to

= 2 1o (#) 10 (%) /u (N)(;E_fl[—Trw-”)M—Tr(u"lﬂ)[—Tr(usndu

r,s€Ny
= [ [ 10 @056 — (e — 1)+ dody + o)
by explicit computation with correlation functions. (cf. Theorem [11.2)).

On the other hand, setting
fi(z) == 21 g)(2),

91(y) = 1,8 (v)
in the identity

lim 3! (fi501) = lim Oy (f1;
L Yy (f1s5 91) Aim Oy (f15 g1)
we obtain

lim// 0.8)(®)1(0,5)(Y)vr (2, y) T d2(x) d2(y)

T—o0

= Jm 3 o (7)) [ T ETG

r,8€ENL (N)
This left hand limit as N — oo tends to

// 0,8) (@) 10,8 ()d(z,y) x(x A 1) dx dy.

By adding the results, we obtain

/ / 0.5 (@) 10 5) (W)or (@, ) dza(z) da(y) ~ log? T / 1) (2)(x A 1)? da.

The right hand side above can also be written in the form

where for a unitary matrix v € U ( ) we define the quantities H;(r) inductively as follows:
forr > 1,

Hy(r) == —Tr(u") (79)

Z 1 r—s Hl( )—|—7“Hj_1(7“). (80)

The similarity to the inductive definition of the higher von Mangoldt functions should
be clear.

We can generalize this argument. Letting dz;(x) := d1/~1j (z), we obtain

. 1
Jim e L 100 @tos W) dx @) da)

:A}gnoo Z 1[0ﬁ)< 1[0ﬁ / H )d

r,seNy
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It is from Lemma that we can simplify the random matrix part of this identity. On the
other hand, as in section [1} the arithmetic side is given by

lim —— /1T (@5 + 7) =950 (967 + 3) — a(n)

T—o0 log]+k T

dr

72

In this manner we have arrived at a (purely formal) derivation of Theorem We are
prevented from making this argument rigorous in the above form in that we have proved
Theorem only for functions f, g that are separable. In particular, we cannot approximate
f(x1,22) = 1j9,p)(21 + z2) with a single separable function. Even to approximate this
function with a linear combination of separable functions will not do, as we have proved
no continuity properties for ¥ (an integral against signed measures) in the ' — oo limit.
Equation is therefore unjustified for the test functions we have made use of. We are
therefore left with two routes to make the above sketch rigorous. In the first we could
reprove Theorem [2.4] for test functions f and ¢ that are not separable. This should certainly
be possible, but will entail making the proof of the theorem more complicated. (The reader is
encouraged to try to come up with a simple argument!) In the second possible approach, we
make use of seperable functions that allow for convolution — these are exactly the exponential
functions, and therefore the case we have considered in Theorems and This is the
route we shall take. It involves the additional complication that exponential functions are
not compactly supported, and this fact entails a sort of gymnastics that we must go through
in the proof that follows.

13.2.

PROOF OF THEOREM 2.5l We note that Theorem [12.1] may be rewritten in the form that,

conditioned on the GUE Conjecture
d ¢ By |,
s +zt)) H Qu (dB ) (C (% + oir +zt>> dt

T%ologji‘“T/Rgl(ctF/T)ﬁp‘*(di)(g( +
N*}OQN]*FIC/ H dAz>( ( ))HQ@( )(ZZ/( ))du

. 2
for any polynomials P, .., P;, Q1, ..., Qk, where o1(t) := ﬁ(%) as in . We will use

this definition of o7 throughout this proof.

g(j) ¢ g(] 1)
eI (C+ds) — )

and likewise for Z)/Z, we can inductively show from Theorem

J
Thjnoo logJ}rKT/RUl(;/T) ZHZP (dA) (C(é (1 + IogT +zt>)

i (dBJ(“ 3+ i) ) a

=1

J A k (ker)
= e [ 1P () (7 7 (30 T e () (55~ () ) .

=1

Because
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We specialize to the case J = K =1 and A; = B; real to obtain

. 1 o1(t/T) ¢ . (k) .
i st [, (0 (b e+ i) ) (0 S (1t i) )
) 1 A% 7(k)
= N /U(N) (HV 7 (1‘3)> ((—1)’“2(2)) du. (81)

This is in fact the identity we need, albeit in a somewhat vieled form. We now prove the
theorem in four steps. In the first two steps, our development mimics the elegant approach
in [26], which in turn draws from Selberg [56].

Step 1: We show for positive A and

fﬂ(s) _ e/{ssi 1
that for o := 3 + %7
/Ooo T%(lzj(e”r) - &j (7')) (&k(enr) — @k(r)) dr (82)
= — jQ a—+i — ’f@ o —i M
(L) sz

Step 2: We show that for x; such that e®* —1=1/T, and « and f defined as in step 1,

(07 i) (1 e ) E=0 0

S i (1S () D)
7 [ (vt Ferin) (0 e in) T (53)
log2U+R)+1

0,2

Step 3: We combine these steps with and the random matrix statistic Lemma m
We obtain that for any positive constant A

NS T Y log/*™" T jk < 4 T
/0 T2+2A/logij(r; 7) Uk (r; ) dr ~ T j+k—1/0 e MWy AL dy. (84)

Step 4: We use a Tauberian argument to pass between the weights e=#% and 1j0,8) (),
thereby showing that implies the covariance asymptotic for any constant 3 > 0.

Having verified these steps, our proof will be complete.

Step 1: Tt follows from a standard argument in residue calculus (using the bound of Appendix
for () /¢ at large heights) that when > 0 is not an integer, for a € (1/2,1),

_ 1 a+100 C(J) 5
() = — EEAVA R “d
B =5 [ (o) Tas
Continuing the mimic the arguments [26], differencing the values when z = ™% and z = €7
gives for almost all 7,

Piemen) —gi(e”) 1 /°° (_UJ-C(Z)(Q N Z,lt)(e“(““” - 1>6m dt.

eTa 2 o+ it

— 00
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The right hand side is the inverse Fourier transform of (—1)7¢\9) /¢(a+i2nt) f.(a+i27t), while
the left hand side is obviously real valued. It is moreover easy to see from the elementary
estimates in Appendix [A] that the left hand side is square integrable in 7 and so by an
application of Plancherel

/MN%W1MJM%MJ>¢WW
R

dr

eQTa

1 () ) ¢k ) )
== —1)7>— t ~DF>(a—it t)|* dt.
3 [ (0@ in) (0 = in) i+ in
Making the change of variables r = €™ and setting a = 1/2 + A/log T, this is .
Step 2: We quote the estimate from [26], that for « < 1,0 < k < 1,

Fula+it) 2 = | SO = O A 12).

. 2
Likewise, because |f,(it)|> = (Smt%/z) and

sin®z —sin®y = O(|lz —y| A 1),
we have for real K1,k and t > 1
Fa GO = | (i) 2 = O( 1l p (1)

while for ¢t <1 and k < 1, clearly

[ (it)]* = O(k?).
We also make use of the basic pointwise bound proved in Appendix [A]

¢ : log? ([t] +2)

ity = 0B 2))
=01y

for |a+ it — 1| > 1/4, say.

We let #; be such that ¢t —1 = 1/T and K = 1/T. Note that f,,(it) = o1(t/T)/T?, and
K1 — kg = O(1/T?). Hence, the left hand side of has the bound

j+k
o e Ok n ) vo(eh n ) [ o)

- T > ™o >
<alog/tFT — _ _ —dt O(%)
~alog <[tﬂ+ﬁtm3+[ WM+AMW )* T

10g2(j+k)+1 T
T2 ’

Sa
as claimed.
Step 3: We turn to evaluating the right hand side of .

Recall that the random matrix quantities H;(r) are defined by and . We demonstrate
inductively that

AC) s
) = S e H ). (85)
r=1
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For, the identity says just that

A =
~ZB) =Y )
r=1
while the fact that

AY) VA d /ARt
1y =(=-Z (B - = B AV S
7B = (= Z6) - g5) (V7 75—)
and the definition (79 and of H;(r) completes the induction to j > 1.

We cite the following result, proved as Lemma 2.2 in [54],

LEMMA 13.1.

Note that the well-known identity is the case j = k = 1. See the appendix of [54] for
further commentary on the connection of this identity to other results in random matrix
theory.

From Lemma therefore,

L<N>((_l)jzg)(5))(( A )d“—Ze‘”Tgf (- 1) — = 1)),

(The interchange of integration and summation is easy to justify, as for fixed N, H,;(r) is
bounded.) Hence,

v [ (V7 @) (7 (7))

1 < _oar 1 , o .
:Nze AN <j+jkkf1(r/\N)]+k 1+O((T/\N)J+k 2))

Nj—‘rk—l

(oo}
ik —24y G+k—1
~ j+k71/o e (y A1) dy,
since the sum over r is just a Riemann sum.

Using , , and in succession, we arrive at .

Step 4: In the first place note that

1 1 j+k—2 j+k—1
1 . o ., 1 [log 7|9+ log T
/0 r2+2A/10gij(T; T)djk(?ﬁ; T) dT_O(/(; r2A/logT T dr :O( T )’

so (84)) is equivalent to

e 1 ~ . log/™* T jk > o
J A e L e N I
(86)

With this simplification, we move on to the Tauberian part of the proof, that implies

(23)-
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Note that for any continuous function ¢ of compact support, and for any € > 0, there is a
polynomial P so that

|P(1) = p(w)| <e/w  forw>1. (87)

For, note that by its compact support, ¢(1/x)/z is continuous on the interval [0, 1] (defined
by continuity to take the value 0 at « = 0). Hence by Weierstrass’s approximation theorem,
there is some polynomial @ so that

|Q(z) — ¢(1/x) /x| <e  forall x € [0,1].
P(z) := 2Q(z) thus satisfies (87).
We use this to show that for any continuous f of compact support,

oo oer\ ~ - . 1 j+1€T i oo o
/1 T (5 )y (s ) (s ) dr ~ 22 j+]k—1/0 )y A 1Ty, (88)

For if ¢(z) = f(logx), then for P as in , using Cauchy-Schwarz,

> , 1 ~ T o ar
| (r(25) = P (i) s 300 ) 5
< e - o2 dr 1/2 e - 2 dr 1/2
S(/l gz Vi (75 1) r?) </1 i71ear V(75 1) Tz>

logj+kT
7,k T €.

by an applications of in the case j = k.

On the other hand, from again,
> 1 ~ T ~ ar
| P )t 500 5) %

logdT* T ; 00 .
== HJ: 1(/ P(e¥) (y A 1)7+k—1dy+0(1)>
- 0
log/t™* T jk > e
o I ([T s 6 a0 o).
0

As € was arbitrary, this proves for continuous and compactly supported f.

We want finally to show that remains true when f = 1jg 5. This function is not
continuous, but for any € > 0, plainly there exist continuous functions of compact support,
f1 and h, so that

f(z) = fi(z) for z € ]0,8)
|f(z) — fi(z)] < h(x) for all z, and /OO h(z)dz < e.
0

Hence,

() - () ) O (s 5) %
| (o ;

> logr \ .7 2 dr Yz >~ logr \ .7 2 dr Yz
< (/1 h(loggT>wj(r; T) rg) (/1 h(loggT>wk(r; T) r2>

log/tF T
< T,

In the second line we used the positivity of 1/3? and 2 to replace |f — fi| by its majorant h.
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Clearly
‘/ ))(y/\l)J'H“ Vdy| < e

as well. Because € is arbitrary, this proves that is true even when f = 1y gy, which is
what we sought to show.

This completes step 4, and therefore the proof of Theorem [2.5] O

13.3. It is natural to ask whether weights more general than A; on almost primes can
be defined such that an estimate like that in Theorem will imply the GUE Conjecture.
Such a class of weights can indeed be defined, but the resulting asymptotic relation cannot
be simple. We will describe such a result here but only outline the proof.

For a vector a = (a1, ..., a;) with positive integer entries, define the function

Ap(n) = Z (logn)™~*A(nq) - - - (logn)* ~*A(n;),

nyeng=n

supported on almost primes and with Dirichlet series

> Rl ﬁ<_1)a,--1(cc')a“<s)_

n =1

7) = > A(n)

n<x

If

then it may be seen that ¢[4(7) = 2Qa(logx) + o(x), where Qa(logz) is a degree |a| poly-
nomial, where we follow the convention that

la| = a1 + - +aj. (89)
Define J[a] () — zQa(x), and
QZ[a] (1’; H) = 7;Z?[a] (lL‘ + H) - {/;[a] (.TC)
Furthermore define a random matrix analogue of this almost prime weight: for r > 1, define

Tig(r) = Y Hr““ u™)).

Pt ry=r 0=1
T/L'Zl

This function has the generating series

0o J
By AR Clt Y
> Twme ™ =TI (Z) " ®).
r=1 =1
THEOREM 13.2. (On RH.) The GUE Conjecture is equivalent to the following statement:

for all fixed j, k > 1, fixed vectors a € Nj b e Nﬁ and fixed 8 > 0,

la|+|b]
/ V) (5 02) P ( (533) dm — %(

where X =T? and § = 1/T, and

Wap(f) = lim N\a\+|b| > / T (r) du.

r<gN

Wan(8) + (1)),
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As in other results of this sort in this paper it is not immediately evident that the limit
defining W, 1 (8) exists, but this is relatively easy to show.

Theorem [I3:2) may be proved using the method above for proving Theorem relying upon
the following result:

THEOREM 13.3. (On RH.) The GUE Conjecture is equivalent to the statement that for all
fized j,k > 1, fized vectors a = (a1, ...,a;) € N}, b= (by,...,b;) € N’i and a fized constant
A with positive real part,

1 1 2T J ¢’ (ae—1)
i et (T
T loglal /Pl (T /T z:l_ll ¢ 2t

I N (by—1)
A : ¢y (e 1 A :
log T + Zt) H (Z) (5 + log T + Zt) dt)
r=1
(90)
exists and is equal to

J

([ I GG (Ba) o

(N) =1

Here f™ denotes the nth derivative of a function and |a| = a1+ --+a; and |b| = by +- - - b.

Note that in contrast to Theorem 2.2} Theorem requires only a single shift A (but also
arbitrarily many differentiations).

Theorem [13.3] in turn is proved in much the same way as Theorem and we say only a
few words about the proof here. Note that derivatives of the logarithmic derivative of the
zeta function or a characteristic polynomial are characterized by the relations and (74)).
Thus in the same way that Theorem [2.2] depends upon the fact that linear combinations of
functions exp(—A;zy —--- — Ajx;) are dense in C.(R’, ), Theorem depends upon nearly

the same ideas and the fact that linear combinations of functions 24 ~* - - - 277 -t exp(—A(z1+

: j
-+ +x;)) are also dense in C(R7,.).

Appendix A. Counts of almost primes in long intervals

We made us of the following estimates earlier; as in the rest of the document, we require the
Riemann hypothesis for their proof.

THEOREM A.1l. (On RH.) For fized j with o € (1/2,1) and |o + it —1] > 1/4
¢W ( : ) log? ([t| + 2)
R t) = 0(—————2).
c o+ O (0_1/2)3)
The region above are chosen so that they do not include the singularity at o 4 it = 1.

THEOREM A.2. (On RH.) For fized j,

x
V;(x) = /0 jlog? 'y dy + O, (ml/Q log®/*! ).

We prove Theoremon the basis of Theoremm The error term bound O(z'/21og? ™ )
is not optimal; by refining our technique (by using the mean value estimates in this paper for
instance), one can obtain an error term of O(z'/? log’ ! x), an estimate on the level of the
classical von Koch estimate for j = 1. Tt is likely that even this estimate is not optimal (for
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j =1 for instance Montgomery has conjectured the error term is of order xl/z(log log log x)?)
but either estimate will be sufficient for our purposes.

ProOOF OF THEOREM [A. 1l We have for [t| > 1 and o > 1/2

%(U +it) = qu o +it— (11/2 Ty T OUes(itl+2)

with the first line following from Lemma 12.1 of [48] (essentially taking a logarithmic deriv-
ative of a Hadamard product), and the second from bounding the number of zeros that lie
in a unit interval at height ¢. We show inductively that

() S
%(O’ + it) =0, (((c —1/2)7" v 1)’ log’ (|t| +2))
for |t| > 1; we have just demonstrated it for j = 1. Suppose we have the estimate for
¢U=Y/¢. Then for s = o +it, [t| > 2 and § = (0 — 1/2)" 1 A1,
2 U=\ ¢, ¢U-b
—(8) = s)+ —(s s
6= () O+ 6 )
1 ¢U-b dz

p T Tr R (G E DRI U

= 0;(((0 = 1/2)7* v 1)’ log? (|| + 2)).
For t € (1,2) clearly

which completes our induction.

As moreover for [t| € (0,1) but |0 + it — 1| > 1/4,
2

T(a—i—it) = 0,(1),

we have proved the theorem. ([

To prove Theorem we reference Lemma 3.12 from Titchmarsh’s tract [62]:

LEMMA A.3 (Lemma 3.12 of [62]). Let

o0
an

o) =3" (o>1)

where a, = O(p(n)), p(n) non-decreasing, and

;1'20' :O((a—11)a>’
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as o — 1. Then if ¢ >0, 0 + ¢ > 1, x not an integer, and N is the integer nearest to x,
a 1 il " x°
o [ v e o)
=t 2mi o Fls+w) w &Y + T(c+c—1)
p(2x)xt =7 logx p(N)zt=7
(=) +o(Fr=77)
+ T Tz — N|

ProOOF OF THEOREM [A.2]l Using the lemma with a,, = A;(n), we have

e,
fls)=(-1) C()’
an = O(log? n)
el et
2 SV oy

Setting s = 1/2, ¢ = 3/4, and T = 22 for z = N + 1/2, we have

Aj(n) 1 p3AmT ¢ 2z
> z/ﬁ =5 /3/4_” (—1)37(%+w)gdw+0(1)

n<z
4! ¥
= R _J =

w172 ((w —1/2) w )

1 3/444T 1/log T+iT 1/logT—iT , C(]) s
+ 5= / +/ +/ (=1)) (3 + w) — dw + o(1)
2mi 1/log T+iT 1/log T—iT 3/4—iT ¢ w

T jlog/ ! T log? T'log? (|t| + 2
_ ["jlog ydy+0</ og 0g(||+)dt>+0(1)

0 VY -T ‘loéT+it|
x - j—1
jlog’ "y 2j+1
= ———dy+ O(log™ ™" z).
0 NG
2j+1

Because log x is a slowly growing function we obtain this for all z, not only x = N+1/2.
The theorem then follows from partial integration. ]

Appendix B. The sine-kernel determinantal point process

A point process (X,§,P) on R is a probability measure P on the o-algebra (X, ), where X
is the set of locally finite configurations of sequences of real numbers:

X = {g = (("'7571760751? )) : g’b S R VZ S Za
and for any compact K C R, #x(§) = #{i: & € K} < oo}
and § is the o-algebra with a basis consisting of the cylinder sets
Cp={6eX: #p(&)=n}

where n = 0,1,2,... and B is any bounded Borel subset of R. Further discussions of this
definition can be found in [35, Ch. 16] or [68]. An account of point processes introduced
from the perspective of zeta zeros can be found in [12].

For any Borel By, ..., By, the expectation

E > 1) 1s(&G) = E #8.0 #5(0)

Jrseensiin (X3.F)
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can be evaluated (possibly as infinity) and, from approximation by simple functions, for any
non-negative measurable 17: R¥ — R, the expectation

E Z n(£j1""7§jk)
Jise-ndke

can be evaluated as well. Suppose these quantities are finite for all € C.(R¥). Then by a
combinatorial sieving procedure, so too can

E Z U(fjla "'agjk)

Jiseensdk
distinct

be evaluated. For instance,

E Z 77(5]‘1:5]‘2) = E Z n(€j17§j2) - Ezn(gjaﬁj)
J1#3d2 Ji,J2 J

As long as the point process satisfies the mild condition that E # (£)* < oo for all bounded

intervals K, this defines a measure du, on R¥, called the k-level joint intensity measure,

E Z U(fjlv---afjk):/w n(xh"'7xk)duk(x1""’xk)'

J1ynJk
distinct

The details of a proof of the existence of u; via Riesz representation can be found in e.g.
[44] Prop 3.2] or [43 Thm. A.1]. These measures should be thought of as being analogues
for point processes of moments of random variables.

By no means do all collections of measures {du1,dus,...} on RY,R? ... correspond to the
joint intensity of a point process, but in the case that

dpg (1, ..., x) = ](cixeg (K(xl - acJ)) dxidxy - - - dxy,

it is known that there exists a unique point process, labeled ‘the sine-kernel determinantal
point process’, with these joint intensities. Details of its construction and a more general
account of the theory of determinantal point processes can be found in [58].

Appendix C. On different formulations of the GUE Conjecture

The GUE Conjecture is sometime formulated in language different than Conjecture For
instance, following [55] and [L7] one may write down the conjecture that the correlation
functions of zeta zeroes are described by a sine-kernel determinant in the following way:
suppose f: R™ — R satisfies (i) f(x + (¢, ...,t)) = f(x) for all z € R™ and all ¢t € R and (ii)
f is compactly supported in the hyperplane 1 + - -- + z, = 0. Then

21 log T logT
Z f( 717"'777?1)

lim
T—oo T'logT 27 27
0<v1,...;7n <T
distinct

- / 6(w)f(z) det (K (i — ;) d"s. (92)
n n nxn

The condition that f(z1,...,zx) is symmetric in 1, ...,z is often added, but because both

the left and right hand sides symmetrize the function this is not necessary. Likewise this

conjecture is also often made not only for f which are compactly supported, but also for f

which are rapidly decaying in the 1 + - - - + z,, = 0 hyperplane. This slightly more general
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claim can be inferred from the claim for f which are compactly supported in the hyperplane
and we discuss this at the end of the appendix.

It is also possible to write the above in the form that for g € C.(R"1),

. 2 logT logT
1 ( —)s s - )
Am e T Y. (e o (=)
0<y1,50eYn <T
distinct

:/5mmmww@®%Km—@DWm(%
n nxn

It is easily seen that and are equivalent by noting that any such function f(z1, ..., z,)
can be written g(ze — x1, ..., xx — 1) by letting g(y2, ..., yx) = f(0,y2, ..., yx).

We now quickly outline how and the version of the GUE Conjecture found in Conjecture
can be seen to be equivalent. It is a simple consequence of Theorem that Conjecture
may be equivalently restated with the average from [T, 2T replaced by an average from
[0,T]. Then to pass from to Conjecture note that because 7 is compactly supported,
the sum in can be restricted to 0 < 71, ...,7, < T at the cost of a o(1) error term, using
routine estimates for the number of 7; in an interval. But if the sum in is restricted to
0<71,..,vn <T, it also follows in much the same way that the integral from [0, 7] can be
extended to an integral from (—o0, 00) again at the cost of a o(1) error term. Now let

logT [ o o
f@1, e zp) = ;ﬂ/ n(zy — BLt, . x, — 2T dt, (94)

and one sees that Conjecture follows from .

— 00

In the other direction, to see that follows from Conjecture note that for compactly
supported f satisfying f(x + (¢,...,t)) = f(x), if we define

n(xy, ..., Tn) = w(17>f(x1, ey L),

where w € C,(R) is of mass 1, then the reader may check still holds. The rest of the
proof follows the same steps as before.

Finally we have promised to explain why and imply the same claims for functions
which rapidly decay. To see this, one may use Proposition Via that Proposition,
Conjecture [1.1] can be extended to this wider class of test functions, and in the same way as

above, one can see that Conjecture [1.1]is equivalent to and for this wider class.
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